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Last Class:

e Set Theory

Today’s Learning Outcomes:

By the end of this lecture, students are anticipated to be able to

e Define probability as a mathematical object

e Use set-theory to compute probabilities and prove probabilistic properties

Stat 302 - Winter 2025/26



1 Probability



The basics of probability

e Aprobability is the formal treatment of randomness
e The key to this are models
e Defining a probability requires the following;:

= Random experiment

= Sample space

= Fvent

= Rules to combine events (set operations)
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Experiments

L DEFINITION

Experiment: an action undertaken to make a discovery, test a hypothesis, or confirm a known fact.

Example: Release your pen from 4.9 meters above the ground

Predicted outcomes:

e The pen will fall to the ground.

e It will take about 1 sec to reach the ground.
Actual observations:

e The pen hit the ground

e Unsureif it took exactly one second....
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Uncertainty

The outcome of some experiments cannot be determined beforehand. They are uncertain.

e |fIroll a die, which number will show?
e How many times will the R4 fly pass me with the “SORRY, BUS FULL” sign on?
e If I walk to school without my rain jacket, will it rain?

e If I randomly choose one sweater and one pair of pants from my closet, will they match?
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Probability theory

Even though die rolls are random, patterns emerge when we repeat the experiment many times. We can
study these using probability theory.

L DEFINITION

Probability Theory: The study of uncertainty, random phenomena, and patterns via mathematical models

e Based on a set of axioms (statements or propositions accepted to hold true) and theorems (propositions
which are established to hold true using sound logical reasoning)

e Thisis what we will study in STAT 302!
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Sample Space

In order to think about probabilities, we need to consider the possible outcomes of an experiment.

L DEFINITION

Sample space: the set of all possible outcomes of a random experiment.
Denoted by (2 (or S in the textbook)

We also can consider a generic outcome, also called sample point, by w (i.e. w € (). Note that the
textbook uses s € S.
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Sample Space

. EXAMPLE
e Roll a die:

= $V23,4,9:65
e Draw a card from a poker deck:

N = 2Ad, 24, . u¥§

e Wind speed at YVR (km/h):

N=30n:0< w2005 C(kmph) ¢R

-_—y

e Wait time for R4 at UBC (min):

JL?—iw‘.og\p(OO% < K
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Events

L DEFINITION

Event: a subset of the sample space L

Notation: We commonly use upper case letters (4, B, C, ...) for events.

Events are sets!

e w € A means“wisanelementof A”.

e C C D means“C'is asubset of D”.
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Examples

e Events are often formed by outcomes sharing some property.

e |t’s a good idea to practice listing explicitly the sample points of events described with words.

« EXAMPLE

e Rolladice: _[) = 2 ‘(Z|3lq1§tb§
= A ="“rollan even number” = é 2,4, ‘0?

» B ="%“rolla3orless”= i \. 2, 3%
= ' =“roll an even number no higher than 3” = i?.?

e Bus wait time: H = “waitis less than half an hour” & & iw t: 04 w4 3°§

e Max-wind-speed: G = “wind is over 80 km/hour” = 3 Ww | K0 € Wy & 0b§
N

fw: w>80%
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Examples

+ EXAMPLE

Consider flipping two coins in a row:

a. Write out all elements in the sample space for this experiment.
b. How many elements are in 2 (denoted |€2|)?

c. Let A = {first roll is heads}. What is | A|?

o) =3 HH, HT, TT THE

b) |l = H

CA A= % HH, HT%
|Al= 2
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Exercises

N EXERCISE: WORK OR FAIL

A system has 3 components, which can either work or fail.

The experiment consists of observing the status (W/F) of the 3 components.

a. Describe the sample space for this experiment without listing all of the possible outcomes.
b. What is [€2|?

c. Let A = {component 3 fails}. Whatis | A|?

o) The possibl oulzomes owe sequuatks (XiXz  X3) Whwe
QAL ’Xo - i W & \NO(K.N\a- -Par b: \‘L(S.

-\:m\,\,\a_
0= 5 WWW, WWE WFW, .0 FFF S
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Exercises

b) |nl=8

(y\l)X‘Lc X'3> > 1‘1’2: 23:8
W\‘F Wit WIF

c) ﬁ:i(_ompomw\/% 3 Fm‘\s%‘ What s (AL

(i‘,x‘;‘r) 5 2:2 = 2° = 4

WIE W[F

A= 5 WWF, WFF, FWF, FFF¢
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2 Properties of Probability



The Probability of an Event

e Eventhough random outcomes cannot be predicted, in some cases we have an idea about the chance
that an outcome occurs.

= |f you toss a fair coin, the chance of observing a head is the same as that of observing a tail.
= |[f you buy a lottery ticket, the chance of winning is very small.

e A probability function [P quantifies these chances.

e Probability functions are computed on events A € B. We calculate P(A). Mathematically / formally, we
have:

P: B—|0,1]

where B is a collection of possible events.
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Probability Axioms

Let €2 be a sample space and B be a collection of events (i.e. subsets of {2).

L DEFINITION

Probability measure (or probability function): Any function P with domain B that satisfies:
1. Axiom 1: P(2) = 1;
2. Axiom 2: P(A) > Oforany A € B; (ng“,q\,q%ahde\

3. Axiom 3: Additivity If { A, },,>1 is a sequence of disjoint events, then

() - Sra

Note: { A, } n>1 is a sequence of disjoint eventswhen A, N A; = @ifi # j

We also assume P(@) — O Stat 302 - Winter 2025/26
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Probability Axiom: Additivity

In a nutshell, additivity says that so long as events A, B, C' are disjoint, the probability of the union
P(AUBUB) =P(A) + P(B) + P(C).

N EXERCISE: CANDIES

Suppose you encounter a bowl of candies. There are 13 red candies, 20 blue candies, and 17 orange
candies. What is the probability that you randomly select a red or blue candy from the bowl?

> ot’\s‘\)o'w\\— blc o Cand

P(Red or Blue) = PRed U Blue) tanot pe ved ond Bloe
0r fe same ‘Avne .
= P(Red)+ P(Blue) (awx—\m«&)
=15 2
50 o0
= 82
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Properties of the Probability Function

Let A and B denote arbitrary events, where 2 is the sample space.

e Probability of the complement: P(A¢) =1 — P(A)

 Monotonicity: A C B = P(A) < P(B)
Lsubser

e Probability of the union: P(AU B) = P(A) + P(B) — P(AN B)
( nok¥ necess O\\f\\ud o“s{) OW\\')

e Boole’s inequality:IP)(U?il A;) < Zfil P(A;)
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Properties of the Probability Function

N\ EXERCISE: PROOF OF PROBABILITY OF THE COMPLEMENT

Prove the probability of the complement: P(A¢) =1 — P(A).
To do this, show that if P satisfies Axioms 1, 2, and 3, and A is an arbitrary event, then necessarily

P(A¢) = 1 —-P(A).
Hint: Whatis AU A¢?  \se Potiom |2 P() =\

Leeell: AUAC = N () =| frxiom |

P(RVAS) = | RURC= QL
P(R) + P(Re =1 Since A\Sl')b‘m\

Ly M= \= PR rearrange
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Properties of the Probability Function
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Properties of the Probability Function

. EXAMPLE
Prove monotonicity: A C B = P(A) < P(B)

| Sirel show B=(onm) VU (BNnAC)
E=8B0n
= 80 (RVR)
=([®NA)V (BNRAC)  dist prperry




Properties of the Probability Function
“repll Sww RC B H Ang= A

Oler we Anb
2 wEeEA oad wWEB
‘-') we A

. WE AR D we A Thig weans HAB < B

®\c" wé R
D we B se RC B (suosck debt (F WER 2D WeP whun ACR)

= WEA ond wWERB
D we ANQ

TV\‘\S \N\LG'V\S H E A'n e Stat 302 - Winter 2025/26 :0 H - A"\ B



Properties of the Probability Function
We've  SWhown

B= (b0 VLD nA)

hC B = ANG= A

Terebore;, 0 RACB

= (BNAYVU (BNAC)
= A U(BnA*)

PLB)= P[A VU (BNAY)]
= P+ P(BNRA“] since B Aigoint Hrom. BNAS
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Properties of the Probability Function
PLB) = plAY+ P(BNRC]
\/\/\J

20 “"c} Ao

S P(B) 2 P(R)



Properties of the Probability Function

N\ EXERCISE: PROOF OF PROBABILITY OF THE UNION
Prove the probability of the union: P(AU B) = P(A) + P(B) — P(AN B)
Hint: First prove that AU B = AU (BN A°)

® Peide B2 P(A, U A2) = PLB) + 9
\Wn ) - t B
Snow AVUR = AVU(R( A‘—) '\’?3% , tt}z) o\\S\‘)o\v\)‘r
"—@V )N (RVAS) dick prop
- (P«U 3) (-Q—)

SAVD
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Properties of the Probability Function

®lwe= Au(RNAc)

P(RUB) = P(RY (BNAC))
= PR e PLBARY)  since By BNAS are ouggsinr

)
We con expond  0(9) PLR) = PLBNR) + V(BN AS) ki s)pInY

(&)= (e N )
‘-'> P(Bﬂﬂ" — -
=v{e . uwﬁ‘)] L )= PB) - pBnR)

=¢ [BNA)Y @n&‘)]mﬁi LW




Properties of the Probability Function

P(RUB) = (AU (BnA<)) b (> i @
= P+ PLBARS) «

= PLAY ¢ P(B) - PLANG) /




Properties of the Probability Function

. EXAMPLE
Prove Boole’s inequality: P(|J;"; 4;) < >0, P(A4;)

Prool \Oxa, dawe Hon

\,“= OJ We Wawve empha A A W cose H ‘\'ﬁv{a.\

P(103) & Zps0Y)
O &£ O /

\
ol (UL m) £ ZP) SRR £ kA V)

L=



Properties of the Probability Function

\N=2]  P(RUA) = (P CP(A) = PN A

S~
- PLR) « P(A)

20
J. holds $or n=2

Now' ossume Wnig holds tor M & n



Properties of the Probability Function
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To Do:

e No reading for next class: most of Section 1.4 we are de-emphasizing.

e Start working on your Assignment due May 20th, 11:59pm

Next Class: More Applied Problems + Permutations and Combinations!
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