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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Use intuition to conditional probabilities from sets
e Calculate conditional probabilities using the definitions

e Use the law of total probability
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1 Conditional Probability



Conditional Probability

e In general, the outcome of a random experiment can be any element of €2.

e Sometimes, we have “partial information” about which elements can occur.

« EXAMPLE

* Roll adie.
o If Aisthe event of obtaining a “2” then P(A4) = 1/6.
e Butif the outcome is known to be even, then intuition suggests that P(A4) > 1/6.

e Conditional probability formalizes this intuition (and helps to avoid mistakes)
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Conditional Probability

e Two events play distinct roles in this example:
e The t A = {2}

e The conditioning event
B = {outcome is even} = {2,4,6}

e The conditioning event captures the “partial information”

e |If we only consider the three possible outcomes in B (even numbers), only one of them is a 2. Therefore,
the probability of rolling a 2 if you know the roll was even is indeed 1/3.

Stat 302 - Winter 2025/26



Conditional Probability

The probability of an event A, conditional on event B is written as
P(A | B)

We read this as “the probability of A given B” or“/t(e probyability of A conditional on B”

Condi A om\:\a, went
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Conditional Probability (Formal definition)
e Let A, B C QandassumeP(B) > 0

L DEFINITION

e The conditional probability of A given B is

P (AN B)
P(A|B) = tor P(B) > 0
(A41B) = —5p  forP(B)>
e JustasIP(-)isa function, for any fixed B, P( - | B)is also a function. Its argument is any event
A C Q.

e Moreover, P ( - | B) satisfies the three Axioms of a Probability (i.e., is a probability).
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Conditional Probability (Formal definition)

N EXERCISE:

100 people were surveyed about their pets. 20 people had a cat, and 12 people had both a dog and a cat.
What is the probability that a randomly selected person has a dog, given that they have a cat?

C: have a Car <

DY have o &03/ «¢’
P = oo
P(ONne) = Yo

_J

(P|L)= PON) = Yhe , 2 =
f(C) 29/, 00
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Useful Result:

As P(- | B) is a probability, for any event A:
« P(A| B) +P(A° | B) =1

e Thisimplies:

P(A° | B)=1—-P(A | B)
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Formalizing our intuition = ¢HR TT, HT, THY

N\ EXERCISE: MATCHING COIN FLIPS

Your friend flips two coins, looks at it, and tells you that the two faces are the same.

What is the probability that both coins show heads? Use the definition of conditional probability to solve
this.

f= THAS
B= twe Fawy S = EHHLTTg P<HIB):\P(Q(\B)\
L HH og TT )
= tly
Z./L_‘

L 4
C
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Formalizing our intuition
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Multiplication Property
|fIP>(A1) > 0:

P(A;NAy) =P (A4y | AP (4)).

This is just a rearrangement of our definition!

£ COROLLARY
|fIP)(A1), P(Al M Az), e ooy P(Al M A2 AREERE An—l) > O, then

]P(AlﬂAzﬂ”-ﬂAn):P(An‘AlﬂAgﬂ”'ﬂAn_l)
XP(An_l‘AlmAgﬂ”'ﬂAn_z)
X oo X
<P (As | Ay N Ag) x P(Ay | A7) x P (A7)
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Proof of multiplication property Considmr n=Y

P(“O‘P(ﬂzlp‘b) : P((\'Xl R, N AL> . ?( P“'l\ AN Pn.(\ﬂ-‘s)

= P - P RLBARIAAG) - PUMNA AL AL A Ay

\

O Plns PR A NAT)

= PLRORN AN Ay )



Urns and Balls

N EXERCISE: URNS AND BALLS

e An urn has 10 red balls and 40 black balls.

e Three balls are randomly drawn without replacement.

Calculate the probability that:

a. The 3rd ball is red given that the 1st is red and the 2nd is black. P(. QZ | & N Bz)
b. The first drawn ball is red, the 2nd is black and the 3rd is red. P ( R () B, N K".)

-
L]

Cr

ball 5 ook §

R L
B~ T 6™ a1 \otauhg

U

p) PLBNBanRg) = PIR)-P(B21R) P(Rslpu) = -4 . A -
°0 49y}
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Urns and Balls
Ou) P(R3 & nB2)

B E W fimsy ban i red 5 1 red vemopin:

b it e 2™ i blavk 5 29 blayk c‘e);\:?‘/‘w;,\z
Thaw, on U Yid  drow QLL?’\R‘(\VDL) - 9 _ 9
(341ra) 40
O
?(Qz\ﬁ\l\%z\‘=9(2 NB,NR 23 ~ =
v 2 - - T = O'
0B = R o G

PLR N B - +h

\0 Yo
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The “Total Probability” Formula

L DEFINITION oW
We say that By, ..., B, is a partition of {2 if (
1. Th disjoint A F
. They are disjoin
VR ~/ €
B,NB; = & fori+#j, i / o

2. They cover the whole sample space: U?’Zl B, = Q)

A simple partition is any event A and its complement A°.

L

O ]
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The “Total Probability” Formula

\. THEOREM
If B, ..., B, isapartition of {2, then, forany A C ,

P (4) :iP(A\Bi)P(Bi).

Examyple

PR = PCAIBIPLE) + PLAIBS)P(g)
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Proof of Total Probability

< PROOF

e A=ANQ=An (U, B:) =U~, (AN B))
e The events (A N B;) are disjoint.

e Therefore, by Axiom 3, we have

IP)(A) P(OAHBZ)

:iIP’(A\Bi)P(Bi).
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P ¢ — - [ [

Flu Test (Blp) = \- PR 1A%)
= \-~0.9

e Suppose that every patient who visits the ER is given a flu test. = 0.2

e Suppose that 30% of patients have flu.

e A patient with flu tests positive 90% of the time.
e -2

e A patient without flu tests negative 80% of the time.

N EXERCISE: FLU TEST

If a new patient walks into the ER, what is the probability that they test positive for the flu?

v v
ﬂ:ipm\—wv\‘v oy Hvu?s b(e) = v(BiIR) P(V\() = PCQ‘AQPW‘{)

b=% test posi\'wu§ = (Oc"l\(o'ﬂ A\l 60'7’)(0’1)

Pl = 6.3 P(A®)=0-} = 0.4\
P(BIn)-0.9
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Checkpoint 1 is this Friday!

Your first checkpoint (one short question at the end of class ~ 15 minutes) is on Friday September 25th

It is a closed-book assessment based on the practice problems assigned for Sections 1.1 - 1.4 (all material
so far up to the end of this lecture)

You may bring a non-graphing, non-programmable calculator and one cheat sheet, which you should
add/edit to over time for all assessments. The cheat sheet must be:

e 8.5x 11 inchesorsmaller

e Can write on both sides

e HANDWRITTEN, not photocopied or printed (typed or drawn on tablet)

e Write whatever you wanton it

Cheat sheets and calculators that do not follow these rules will be confiscated - sorry!

Stat 302 - Winter 2025/26

20



