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Learning Outcomes
By the end of this lecture, students are anticipated to be able to:

Define a conditional probability

Solve problems using conditional probability rules, including Bayes’ theorem

Identify when events are independent
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1 Conditional Probability
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Last class:

We will continue our discussion of conditional probability.

 DEFINITION

The conditional probability of  given  is
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P(B) > 0
S

& "given" or "conditional on 1/



Multiplication Property
If :

 COROLLARY

If , then
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rearrangemen&
of defin

-



Proof of multiplication property
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(Informal-ish)
Consider n= 4

P(A .) PJAzIAl) · P(AzIA , 1Az) . PCAn IAIMAc &As)

= P(A ,)- PLA ,NAz1As)- P(A ,MAz)
&- -

P(AI 1Az1AsMAu)- -

-

PA PAA) PLA, NAcMA3)-

= PLA . 1AzlAs 1A4)



Urns and Balls

 EXERCISE: URNS AND BALLS

An urn has 10 red balls and 40 black balls.

Three balls are randomly drawn without replacement.

Calculate the probability that:

a. The 3rd ball is red given that the 1st is red and the 2nd is black.

b. The first drawn ball is red, the 2nd is black and the 3rd is red.
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P(Rs/Ri , Bz)
PIR ,BzARs)

Ri= ith ball is red 3
Bi= ith ball is black3



Urns and Balls
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a red
10 red

40 black ↓

a) P(rs/Ri , Bz) =39)
-> If first ball is red-> 9 Red remaining
e and black - 39 black remaining

OR

P(Rs(Ri , Br) =P=
b) ↳0. 00



The “Total Probability” Formula

A simple partition is any event  and its complement .

 DEFINITION

We say that  is a partition of  if

1. They are disjoint

2. They cover the whole sample space: 
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The “Total Probability” Formula

 THEOREM

If  is a partition of , then, for any ,

10Stat 302 - Winter 2025/26

-

I more general

P(A) = P(A1B) P(B) + PLAIBY P(BY

* finite?



Proof of Total Probability

 PROOF

The events  are disjoint.

Therefore, by Axiom 3, we have
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Flu Test
Suppose that every patient who visits the ER is given a flu test.

Suppose that 30% of patients have flu.

A patient with flu tests positive 90% of the time.

A patient without flu tests negative 80% of the time.

 EXERCISE: FLU TEST

If a new patient walks into the ER, what is the probability that they test positive for the flu?
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P(A)= 0 .3 = P(A) = 1-0 .3= 0 .7

P(BIA) = 0 .9

P(BA) = 0 .80

P)) ?

A = E patient has flcs P(B) = P(BIA)PIA) + P(BIACPCAY
B = E patient tests positive? = 0 .9 - 0 .3 + (1- P(BYAY) PLAY

= 0 .9 . 0 .3 + (1-0 .8)(0 .7)
= 0 .41



Flu Test
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Bayes’ Theorem
Sometimes we have information about  but require .

Bayes’ Theorem allows us to relate these conditional probabilities.

 THEOREM

Bayes’ Theorem

Let  and  be arbitrary sets with . we have

You can also consider , , …,  is a partition of , then for each , so that:
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Proof of Bayes Formula

 PROOF
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Bayes’ Theorem
In general, . The assumption that these two probabilities are equivalent is referred
to as the “conditional probability fallacy” or “confusion of the inverse”

In some court systems, presenting evidence as a conditional probability has been banned due to the
frequent confusion of the inverse

For example:
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Flu Prevalence
Suppose that every patient who visits the ER is given a flu test.

Suppose that 30% of tests are positive.

A patient with flu tests positive 90% of the time.

A patient without flu tests negative 80% of the time.

 EXERCISE: FLU TEST #2

Suppose you bring a friend to the ER.

a. What is the probability that your friend has the flu if they test positive?

b. What is the probability that your friend has the flu if they test negative?
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PB) = 0 . 30

BIA) = 0 .90
-

'pcp
(B:1A) = 0 .80

P(A(B)

P(A(B)

A= E patient has fw3
B = E patient tests positive?



Flu Prevalence
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A= E patient has fw3

a) PlAIB)=APA Bayes

B = E patient tests positives
P (B) = 0 . 30 need P(A)...

P(BIA) = 0 .90

P (B:1A) = 0 .80
P(B) = PLBIA)PIA) + PLBIASPLA) L .T.P

↑ P(B)= P(BIA) PLA) + (1-P(BYAY(1-P(A))
0 .3= 0 .9 PLA) + 11-0 .80)(1-PLA) comp
0 .3 = 0.9 PSA) + 0 . 2 - 0 .2P(A)
0. 1 = 0 .7 PLA)
17 = P(A)

>



Flu Prevalence
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P(AIB)=ABIA) P(A)
b) P(AIBC) =

PLBAPAT-
P(B)

= 09 #PBIA))P(A) compute
(l-P(B))

= 317 = 0 .429
=1- 0 .9) (117)

1- 0 .3

= 0 .020



The Monty Hall Problem
You are a contestant on a game show. In front of you are three doors.

Behind two doors are goat. 

Behind one door is a car 

You select a door, the host then opens one of the 2 remaining doors, revealing a goat . The host asks

Would you like to switch to the remaining closed door?
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What would you do? Discuss with your peers.
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The Monty Hall Problem

 EXERCISE: MONTY HALL

Show that the probability of winning the car if you switch doors is 2/3.
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The trick : correctly defining the sample space.

Y = Edoor you choose 3 = E1 , 2 , 33
R = &door with the car3 = 31 . 2 , 33
H= E door host opens 3 = E1 , 2 .33

- = 3(y=y , R=y , H
= h) : y , r , h + El ,2 ,33 , y th , r=3

↳ not 27 combinations as host will not

open your door or the prize
door .



The Monty Hall Problem
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Assume WLOG , Y= 1 : < = Elyr , h)] = 2(1 , 1 ,2) , (1 , 1 ,3)
(1 .2 ,3) , (1 ,3 ,2)3

"Win"= Sy= R3

P(Win) = P(Win (H =1)P(H=1) + P(Win (H=2) P(H=2) + P(Win (H=3) PCH=3)
= 0 + (1137(112) + (113) ('(z)
= 113 P(Win) if you don't switch doors

PClose) = 1-P(Win) = -13 = P(Win) if you did switch!!!



2 Independence
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Independence

Knowledge about  occurring does not change the probability of  and vice versa.

 DEFINITION

Independence:

We say that events  and  are independent if

 THEOREM

If  and  and  are independent events, then:
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*

*
-

-



Independence

 DEFINITION

We say that an event  is non-trivial if .

 THEOREM

If  and  are non-trivial events. Then,

a. If  then  and  are not independent

b. If  then  and  are not independent.
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-



Independence

 PROOF

a. 

b. 
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-: A ,B not independent

-
: A.B not independent



Independence and Complements

 EXERCISE: INDEPENDENCE AND COMPLEMENTS

Show the following:

a. If  and  are independent then so are  and .

b. If  and  are independent then so are  and .

c. (Try at home!) If  and  are independent then so are  and 
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(try at home)
*

↳StartWith PlA'BY
↳ De Morgan's i

a) P(A-nB) = PCB)-PLAMB)
= P(B) - PSA)P(B) since independent
= P(B) (1-PIA)(
= PLB) PSAY



Independence and Complements
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a) P(A-nB) = PCB)-PLAMB)
= P(B) - PSA)P(B) since A,B independent
= P(B) (1-PIA)(
= PLB) PSAY

c) PLA'1BY I P[(AUB)] De Morgan
= 1 - P(AVB) comp rule

= 1- [PLA) + P(B)-PLANB)]
= 1 - [P(A)+ P(B)-PCAJP(B)] A.B independent
=1- P(A) -P(B) + P(A)P(B)

(1-P(B)) (1-P(A))
=PLA) -P(B)/(PLA)) =

I P(BC) PJA?)



More than 2 Independent Events

For example, if  then, , , and  are independent if and only if all of the following hold:

 DEFINITION

We say that the events  are independent if, for any finite collection ,
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3 pairwise



Coin Flipping
We flip a fair coin twice. Define the following three events:

1. .

2. .

3. .

 EXERCISE: PAIRWISE INDEPENDENCE

Show that  are pairwise independent, but not independent.
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Coin Flipping
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- = EHH ,TT , HT , THE , PlaT=4 EwE-

P(A) = P (first flip H) = 12
P(B) = P(second flip H) = 12 PLANB1C) = P(SHH3)=4
P(c) = P(flips same) = 112

PLA)P(B)P(C)= 112: /12:12 = toPairwise : -

PLANB) = 1/4 PLA) -P(B)= /12:112= 114
P(Anc) = 114 P(A) P(C)= 14

-Not independent

P(BAC) = 1/4 P(B)P(C) = 14

Yes , pairwise independent



To do:
Prove the last theorem in your own time (good practice!)

Read  before Wednesday’s class (SERIOUSLY)

Submit Assignment 1 by Wednesday May 20th, 11:59pm

Chapters 1.5.2, 2.1, 2.2

33Stat 302 - Winter 2025/26

↑


