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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define a conditional probability
e Solve problems using conditional probability rules, including Bayes’ theorem

 |dentify when events are independent
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1 Conditional Probability



Last class:

L DEFINITION

e The conditional probability of A given B is

B(A| B) — P(;(;)B) ) P(R) >0

'Luawm\( or \‘LOV\dc\HbM\ 0“\\

We will continue our discussion of conditional probability.
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Multiplication Property o anms ot
|fIP>(A1) > 0: o d&!’

N

P(A;NAy) =P (A4y | AP (4)).

' COROLLARY
IfP(Ay), P(A; N As),..., P(AyNAsN---NA, 1) > 0,then

P(AlﬂAzﬂ“'ﬂAn):P(An‘AlﬂAgﬂ”'ﬂAn_l)

‘ XP(A,_1 | A1NAyN---NA,)

X oeee X

XP(Ag’AlﬂAz) X]P)(AQ‘Al) XIP)(Al)
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Proof of multiplication property (\nfovmal - ish)
Considsr w=H

PR PR - PRl ANAL) - PLA L RNANA)

= PUY) RUBATR) | PLOLASTIRY) | RUM A ha A N
Py o) W AR T

= PO N A3 N Ry




Urns and Balls

N EXERCISE: URNS AND BALLS

e An urn has 10 red balls and 40 black balls.

e Three balls are randomly drawn without replacement.

Calculate the probability that:

a. The 3rd ball is red given that the 1st is red and the 2nd is black. P( RZ ‘ Ri BZ-)
b. The first drawn ball is red, the 2nd is black and the 3rd is red. P(R.O BN K3)

Lz £ U™ ball S V‘Qdi
Bi= 3™ ball s b\m&%
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Urns and Balls

q red
0 red ” t
Ho ol . : M
0\\ P(R2 | P\\\B‘L) - (q*aq) ng

=\ Fns\— boll is red-> A Red Pemmaining.
'5 PASSIYIVE 'S > 31 bloak Vtmuinw\a,

o

.ZL _ 9
P(3) R Be) = PIRNRNRY) = T ok oG 3

V‘.K\“Bz) @z %

o M ‘S' ~ 0.03|
) & T W@



The “Total Probability” Formula

LI DEFINITION
We say that By, ..., B, is a partition of {2 if

1. They are disjoint
B,NB; = & fori+#j,

2. They cover the whole sample space: U?’Zl B, = Q)

A simple partition is any event A and its complement A°.

Stat 302 - Winter 2025/26



The “Total Probability” Formula

. THEOREM —
If By,..., B, isapartition of €2, then, forany A & €,

P (A) :iP(A\Bi)IP’(BZ-).

L moee W\

P(R)= P(AIB)P(B) + PLRIBC) P(B)

% B \‘&?
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Proof of Total Probability

< PROOF

e A=ANQ=An (U, B:) =U., (AN B))
e The events (A N B;) are disjoint.

e Therefore, by Axiom 3, we have

IP)(A) P(OAHBZ)

:i:]P)(A\BZ-)IP(BZ-).

Stat 302 - Winter 2025/26

11



Flu Test

e Suppose that every patient who visits the ER is given a flu test.

* Suppose that 30% of patients haveflu. ~ P(R)= 0.3 > P(A<)= |- 0.3= 0.F
A patient with flu tests positive 90% of the time. ?(B\ R)=0-4

e A patient without flu tests negative 80% of the time. ?(B" mc.\ = 0. 80

N EXERCISE: FLU TEST

If a new patient walks into the ER, what is the probability that they test positive for the flu? ?(_ ) g
Az § pahent hos Bk PCB) = PLBIAYPLA) + PBIAS)PAS)
B= 3 patnt ‘eSS posin] -

= 09-0.3 + (1= @A) PR
= 0.9 0.3+ (1-0.8)(0-9)
= o1\
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Flu Test
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Bayes’ Theorem

e Sometimes we have information about P(A | B) butrequire P(B | A).

e Bayes’ Theorem allows us to relate these conditional probabilities.

THEOREM

Bayes’ Theorem
Let A and B be arbitrary sets with P(A) > 0. we have

P(A|B)P(B)
P(A)

P(B|A) =

You can also consider By, Bo, ..., By, is a partition of {2, then foreach7 = 1,

P(A|B)P(B)
Y1 P(A]| By)P(B;)

j=1

P(B|A) =
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Proof of Bayes Formula

< PROOF

P(B|A) =

P(AN B
( ) (Definition of conditional prob)
P(A)
P(A| B)P(B
( [lb(f)l) (B) (Multiplication Rule)
P(A|B)P(B
(4] B) P (B) (Rule of Total Prob)

>.—1P(A]| B;)P(By)

j=1
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Bayes’ Theorem

In general,P(A | B) # P(B | A). The assumption that these two probabilities are equivalent is referred
to as the “conditional probability fallacy” or “confusion of the inverse”

e In some court systems, presenting evidence as a conditional probability has been banned due to the
frequent confusion of the inverse

e Forexample:
P(DNA found at the crime scene | Guilty) # P(Guilty | DNA found at the crime scene)
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Flu Prevalence

e Suppose that every patient who visits the ER is given a flu test.

e Suppose that 30% of tests are positive. P(B)=0.30
o A patient with flu tests positive 90% of the time. P(B\R) = O A0
e Apatient without flu tests negative 80% of the time. P ( @\ ¢ )= 0.%0

N, EXERCISE: FLU TEST #2

Suppose you bring a friend to the ER.

a. What is the probability that your friend has the flu if they test positive? P ( 4 l B)
b. What is the probability that your friend has the flu if they test negative? @ ( Al ﬁ‘)

=3 patient was Pl
B=$ palhont karrs podivve)
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Flu Prevalence a) P(rig) = PLBIAYP(A) Bayes
=3 patient Wwas Pl P8
B=$ pakenk karts podivve )
P(B) = @3(20 need P(A) ...
(B 17 .30 Wb)= PLOIPIR) « PLbIA)P(Ae) 77
PLEY= PLEIM P « (1-P(BEIA)(1-p(A))

0-5= 690 + (1-0.80)(1- PA) "o
0:3= 0.9¢1) ¥ 0.2 -0.2°(#)

O.l = O'q’PU\')

‘4 = k)

=



Flu Prevalence b) P(RIge) = PR 1) ()
P(R1B) = P(BIR)P(A)

P(B*)
"{ \5‘1) = (I-remy) ey o,
= 04 (1-v())
0.3
= 3[1, ~ 0.429 = (\—o~°l)l‘l1—)
\- 0.3

=< 0:020



The Monty Hall Problem

e You are a contestant on a game show. In front of you are three doors.
e Behind two doors are goat.

e Behind one dooris a car é&s

You select a door, the host then opens one of the 2 remaining doors, revealing a goat . The host asks

Would you like to switch to the remaining closed door?
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What would you do? Discuss with your peers.
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The Monty Hall Problem

N EXERCISE: MONTY HALL

Show that the probability of winning the car if you switch doors is 2/3.

The M. correc.\—ta. oLﬁ.P\v\ma, YW Sawmple Space.
\(‘-'-' Ed,oor ao\« C)JLOOSQ—S = 2‘42”53

R= 2 door wivih ¥ cor§ = 31,2,3%

M=% door Wost opons § = 201233

=3 M=y, R=g H=r)t girne 11233, y#h, rzhd

> ot 2F combinations 05 oSt win  pot
0pem &owr door or U prize door.
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The Monty Hall Problem
Assume WLOG , Y=l © = é(é.nmﬂ-«- 2(\,\.‘1.),(h\.3)

(1,2,2), (1,3.2)§
"Win'= N= RS
Pwin) = PLWin | H=t0PLH=1) + P(Win |H=2) P(1t=2) + Plwin|H=3)RtH<)
= 0 *+ UB)(') (k)

= U3 & Plwm)it oo dont  Suikn doors

Pllese) = \—P(win)= */3 € P(win) i€ Jow did sustchlt!



2 Independence



Independence

L DEFINITION

Independence:

We say that events A and B are independent if

Y P(ANB) = P(A)P(B).

& THEOREM

If P (B) > 0and A and B are independent events, then:

P(ANB) P(A)P(B)

X PAB="3m ~pm oW

e Knowledge about B occurring does not change the probability of A and vice versa.
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Independence

L DEFINITION

We say that an event A is non-trivial if 0 < P (A4) < 1.

~. THEOREM

If A and B are non-trivial events. Then,

a.If AN B = & then A and B are not independent
b.If A C Bthen A and B are notindependent.
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Independence

<7 PROOF

a.P(A|B) = = —— =0#£P(A) 2 BB net independenk

b. P(A|B) = = ——* £P(4A) ;o B net indepunmdent

Stat 302 - Winter 2025/26



Independence and Complements

N\ EXERCISE: INDEPENDENCE AND COMPLEMENTS

Show the following:

a.lf A and B are independent then so are A€ and B.

b. If A and B are independent then so are A and B€. ('\'l\.br A V\.Ovv'b)

Skc. (Toyadaemse!) If A and B are independent then so are A€ and B¢
1> shar+ wivh PR 0 Po‘)

L De onsS v
o) PLR°NB) = P(B)- P(ANG) -

= P0) - (ML) sine indLpond oy

=0R)( \-am)
= PLY) P(r©)
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Independence and Complements
o) PLA“nB) = 0B)- P(ANR)
= P0) - PIMRUAL) sine ne indepondany
=0R)( \-Am)
= PLY) P(p)

) PUhne) = P (RUR)*] Pe Murgan
= |1=-P?(AVR) Wmp WL
= 1= [ ome pb) -pane)]
=t Loame 08)- e pe)] A8 indepeadunt

= \= P(R) -0(8) +P(R)P(R)
_ _ (1-p(8)) (1-PLRY)
= 1-P(4) —p()(\—-PLR)) =

0)(-Stamozﬁ!:erz(l/? - ?(Q‘) p( ﬂ‘—)




More than 2 Independent Events

L DEFINITION

We say that the events A1, As, . .. are independent if, for any finite collection K = {(¢1,...,%)},
P (ﬂ Az-) = | [ P(4).
icK icK
For example, if n = 3, then, A1, Ao, and A3 are independent if and only if all of the following hold:
P(A1NAy) =P(A;)P(Ay), Pairwise
P(A1NAs) =P(A;)P(A4;3),
P (AQ M Ag) =P (Az) I (Ag),
P(A1NAsNA3) =P (A;)P(As) P (A3).
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Coin Flipping

We flip a fair coin twice. Define the following three events:
1. A = {first flip is H}.

2. B = {second flip is H}.

3. C = {flips show the same result}.

N EXERCISE: PAIRWISE INDEPENDENCE

Show that A, B, C are pairwise independent, but not independent.
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Coin Flipping

= 2 WA, TT, HT, TH% y Pl)='ly ¥ wedL

P(A—\‘—'P(F\rs\— f'\ip H) = \|2

P(B)= Plseond By H) = Mg
PLeY = PLRGS same) = Vi

Yoirwiw :

PANBY= 'a P -PLB) =\l =y
PLANC) =Yy P PO = iy
PLBNL) = \iy PO =M

Hes. poirwise Wndepondumt

PLRNBAC) = P §HH3)= Yy
PUNRLL) Y= Yl =

R

- Not indapendant



To do:

e Prove the last theorem in your own time (good practice!)
e Read Chapters 1.5.2,2.1, 2.2 4 before Wednesday’s class (SERIOUSLY)
e Submit Assignment 1 by Wednesday May 20th, 11:59pm
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