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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Apply Bayes theorem
e Determine whether events are independence based on conditional probabilities

e Prove results where events are independent

Stat 302 - Winter 2025/26



Bayes’ Theorem

e Sometimes we have information about P(A | B) butrequire P(B | A).

e Bayes’ Theorem allows us to relate these conditional probabilities.

THEOREM

Bayes’ Theorem
Let A and B be arbitrary sets with P(A) > 0. we have

P(A|B)P(B)
P(B|4) =
P(A)
You can also consider By, Bo, ..., B,, is a partition of {2, then foreacht = 1, ..., n, so that:
P(A| B)P(B

Y1 P(A]| By)P(B;)

j=1
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Proof of Bayes Formula

< PROOF
P(ANB
P(B|A) = (IP’ ) ) (Definition of conditional prob)

P(A| B)P(B

— ( Il”(f)l) (B) (Multiplication Rule)

P(A|B)P(B)

= — (Rule of Total Prob)

>.i-1 P(A|Bj)P(By)
Note {or Grow '

*C)M\N\(db to C")\S TER
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Bayes’ Theorem

In general,IP(A | B) # P(B | A). The assumption that these two probabilities are equivalent is referred
to as the “conditional probability fallacy” or “confusion of the inverse”

e In some court systems, presenting evidence as a conditional probability has been banned due to the
frequent confusion of the inverse

e Forexample:
P(DNA found at the crime scene | Guilty) # P(Guilty | DNA found at the crime scene)

PBLA) = plr1g) P(B) Whhuw 0L
B . | -
: LA PR 8= Fin
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Flu Prevalence

e Suppose that every patient who visits the ER is given a flu test.

e Suppose that 30% of tests are positive. P(®)=0.3

e Apatient with flu tests positive 90% of the time. ¢ (g |&) = 0-9

e A patient without flu tests negative 80% of the time. e(e=\R® Yz 0.8

N EXERCISE: FLU TEST #2

Suppose you bring a friend to the ER.

a. What is the probability that your friend has the flu if they test positive? (A l B)
b. What is the probability that your friend has the flu if they test negative? P( A | 3 °)

Al Paont Wy Do
B, tesk posikive
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Flu Prevalence

&) PAIB) = (BIA)PLA)  (Buges)
PU6)

MNeea P(R) --.
PLB) = PLBIM)PIAY) + PCBIAS) PLAC) L.T.p

PLB) =P(BIA) o ) v (|- P(B"W\‘))()’PU")) Lomp. vuiL

0.3 = 0 MUK &+ (- b,s)u—pm))
0-3= 0-10(A) 4 02 —02PLA)

> PRy < 1/ . P(K1B) = 0.9 (*13)

o~ ¢

0.3
= o Mm
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P(B)=0.3
?(® |R8) = 0.9
P(e=\R* D = 0.8

Flu Prevalence

b) Pinl e = p(pe A eLe)
fle<)

= "l- P( Blpr)]{’(sﬂ

I- P(8)

= (1-0-2) (%)

1-0-3

:W?
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1 Independence



Independence

L DEFINITION

Independence:

We say that events A and B are independent if

P(ANB) = P(A)P(B). (fom e Z)

& THEOREM

If P (B) > 0and A and B are independent events, then:

P(A|B) = Pgl(;)B) _ P(ﬁ)gB) —P(A).

P(RIB) = Pla) wwn BB Ot indipunmdumt.

e Knowledge about B occurring does not change the probability of A and vice versa.
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Independence

L DEFINITION

We say that an event A is non-trivial if 0 < P (A4) < 1.

~. THEOREM

If A and B are non-trivial events. Then,

a.lf AN B = @ then A and B are not independent
b.If A C Bthen A and B are notindependent.

Stat 302 - Winter 2025/26

A: wear & Brwn swealey
B wWeay v pinlc u

11



Independence

Proof:

0) ler ARG = @

PIARL®Y = P(Ane) = () - o _
PLBY  pp)  Aed

(W 4 V\O‘\' \\WV’M\ d)’\l\‘\’ -

V\ leX RC®

PlMe)= P(ang) _ LR £ p(R)
P()  PB)

— M\’ "\’\' L P U\/M 5‘—‘ Stat 302 - Winter 2025/26
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Independence and Complements

N\ EXERCISE: INDEPENDENCE AND COMPLEMENTS

Show the following:

a.lf A and B are independent then so are A€ and B.

b. If A and B are independent then so are A and B€.

c. If A and B are independent then so are A€ and B¢

*) PCRT08) = p(p) - Prane)

= PB) - fMP(B) simw lndupencmt -

= fe)(1- Pr))
= P ey L/

I —
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Independence and Complements
C)P(renpe) = P[(m)m"} De Morgom's Low
= P(RUB)  owp
= -E’U’O FRB) - PAng)]
= |- [?MM PLR) - p“ﬂ“m]
- Q - (’wa>f- PCB) +PLK) p(B)

=100 =Pl - pe) (L - ()
= (-0 (- P(p))

= P(RS) p(pe)
/

b) MW\CL S\LV\L H,OW coon 0!.,0 "&M‘K—V‘j)‘te“m%/%

W

Sim. B, B nm,‘o_

-‘}a-v\-wi/\a, out P(B)



More than 2 Independent Events

L DEFINITION

We say that the events A1, A, . .. are independent if, for any finite collection K = {(¢1,...,%%)},
P (ﬂ Az-) = | [ P(4).
icK icK

PLRN®) = Pw)P(B)

For example, if n = 3, then, A1, Ao, and A3 are independent if and only if all of the following hold:

P (AN Ay) = P(A) P (Ay),
P(A; N Ag) = P(A) P (As),
P (AQ M Ag) — P (Az) P (Ag),

P(Ay N Ay Ag) = P(A,) P (As) P (As)
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Coin Flipping

We flip a fair coin twice. Define the following three events:
1. A = {first flip is H}.

2. B = {second flip is H}.

3. C' = {flips show the same result}.

N EXERCISE: PAIRWISE INDEPENDENCE

Show that A, B, C are pairwise independent, but not independent.
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Coin Flipping \
_Q.$ZHH4TT‘ HT,TH§ P(‘M}:\/‘—{ We—n—
LR =P ( Girs & Ph‘@ H) = 4y = ‘/L

S ol ) / ?CA!\B/\L)
P06) = PLsecond H) = 2/q =V, A

= (5HHS) =
PCY> PRy samn) = 274 = Uiy ‘ P< @ L

L

UALUC  pairwhise ndp emdm k! o) -
IR PLOY=1),- Ly, -
PIANR) = P(SHHT) = WU UMYRLE) =y Yip = i WO= Tty -\
_ =g
ClRac) = vy PLRIPLL) = Vgl = 1y
Plenc)= YWy P(BIR(C) = Vg

Nes, PO IsL Thde \/ NOT IND




Checkpoint 1

You may have:

e HANDWRITTEN Cheat Sheet
e Non-graphing calculator

o Writing materials

Phones and laptops put away, please! You can have 15 minutes.

Checkpoint 2 (on Section 19: Conditional Probability and Independence) is next Friday!

Same rules as Checkpoint 1!
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