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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define a continuous random variable

e Define and identify a probability density function

e Define, identify, and apply common families of continuous distributions
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1 Continuous Random Variables



Continuous Random Variables

L DEFINITION

A RV X is continuous if

forevery x € R.

e Thisis the most rigorous way to define continuous RVs, but it doesn’t provide much intuition.

e We need a bit more to make our intuition match the math.
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Absolutely Continuous RVs and Density Functions

L DEFINITION
Afunction f : R — Ris called a density function if f(z) > 0, Vo € Rand [ f(z)dz = 1.

L DEFINITION

ARV X is absolutely continuous if there exists a density function f such that

Pla < X < b) :/bf(a:)d:c

whenevera < b.

We call such a density function a probability density function (PDF) and will often use the notation fx ()
to denote its relationship to X. o
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Absolutely Continuous RVs

=~ THEOREM

Let X be an absolutely continuous random variable. Then X is a continuous random variable (i.e.,
P(X =a) =0foralla € R)

7 PROOF

@ Note

Note: the converse is not necessarily true. That is, not all continuous distributions you will come across
in statistics (in general) are absolutely continuous. We will stick to absolutely continuous distributions
in this course.
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Comparison to Discrete RVs

e Considersomeset A C R.

e Let X be arandom variable.

Probability of A for discrete RV:

P(X € A) =) px().

SE—

Probability of A for an (absolutely) continuous RV:

P(X € A) = /A fy(z)de.
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Example -3

N\ EXERCISE: EXAMPLE CONTINUOUS RV / 0
Let X be a RV with PDF

fx(a}) = 2:13_31[1,00) (CE) .

Snow Fx(W) s o QO\Q
a. ls—k-abseimreigseniisuewsd\\hat is fx(2)? & =1

b. WhatisP(0 < X < 2)? \Whak s P(st.‘.l)?

c. Suppose we defined g(z) = 2z (no indicator function). Is g(z) a density function? Does is have the
same support?

Ly hint: M suppart of Fxlx) s Ciy ©)

Stat 302 - Winter 2025/26



= x> Ty oo ()
Example 1002 %7 T ey

0\\ Show volid chFI ®$(’¥)20 +xeR ,®S@0()ob(=|

OFx€Cus), 24° 20 ~ )20 ¥xER v
‘(¢ EHP\( ‘FC')()-
o3 -2 X=F N
®j2x3IEW)('x3o\x = \Szx dx = % L‘ = 0-(

Fx(2) = 1615311:\.003(2.) ® )2y (V)= Iy

9 2 2 )
b) P(0¢x£2) = J Ey)dx= JziSID,Mo\x = jzxsdx
o o ‘

(tns is alse equo o ?(l\‘:’(ﬁ Z”

/"



Example
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2 Continuous families



(Continuous) Uniform

L DEFINITION
Let L < R € R. ARV X with PDF

fx(xz;L,R) = !

R—-L
is said to have the Unif(L, R) distribution.
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Continuous Uniform Median

N\ EXERCISE: UNIFORM MEDIAN

For continuous random variables, the median is the number m such that

P(X<m)=P(X >m)=1/2.

Let X ~ Unif(L, R). What is the median of X? -fxtx)z E\LICL‘Q(X)
Plxemyz |7l dx 08 = m-L
Y R R-L
0.9 = S'“—'- dx 0-S(R1)= m-L
o R -C R+
- m= S%4 = KW |
0.5 = X x=m 2 9

K—L OX—;L
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Continuous Uniform Median
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Exponential Distribution

LU/ DEFINITION
Let A > 0. ARV X with PDF

Fx(z;2) = Ae™ " Ig o) (@),

is said to have the Exp(\) distribution with rate A.
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Exponential Distribution

fx(x;A) = )\e_AwI[(),OO) ()

N\ EXERCISE: EXPONENTIAL ‘ -2
Let Y ~ Exp(2).Find P(Y >@) forgg> O. ’g‘ (%’ =7') = 2¢ aIE°n°°)(3)
tax=2 ;
00 Q0
- O &
f(N>a)= S 2e dy
oL agoo
"2'3, Axide .
b 13y -b
3:@ ?(‘>§)= el ).—.-e
-2 0=
e (net class!)
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Exponential Distribution
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: Coer . -NE
Exponential Distribution )= Ne " Lot

N\ EXERCISE: EXPONENTIAL RATES

A small coffee shop receives customers independently at an average rate of 12 per hour. Let 1" be the
waiting time (in minutes) between consecutive customer arrivals.

a. What distribution does 1" follow, and what is its rate parameter A?

b. What is the probability that the next customer arrives within 3 minutes?

roAe pUrOWm
o) T is five in minakes ¢ A= 12 wshwr o thiar o L & o) o

\ »M L0 Mmin S
T~ Exp(\= ‘ls)

) P(T<3 )= S ISt 46 = 0.4912

o
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Exponential Distribution
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Gamma Distribution

Recall the gamma function:
o0
['a) = / t* ! exp(—t)dt,. where o > 0
0

Useful results:

e 'a+1) =al'(a)
e If ais an integer, this integral simplifiestoI'(n) = (n — 1)! 7(6)

e T'(1/2) = +/(n)
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Gamma Distribution

L DEFINITION
Let o, A > 0. ARV Z with pdf

Zoz—le—)\zI

fZ(Z; «, )‘) — F(Oz) 0,00) (Z)7

is said to have the Gam(a, A) distribution with shape a and rate A.
Note: Z ~ Gam(1,\) = Z ~ Exp(}).
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Gamma Distribution

N EXERCISE: Ga=mm P IS ULrnNCa

The time to process an insurance claim follows Gam(a = 2, A = 1/3). What is the probability that the
claim takes more than 6 hours to process?

- =5

ivegrabion oy pevts P(X2b) = S(‘m X e ax
Judv = wv- Jvan n(2)
~\2X
X e b proess claim = _('_‘é) J\(e, ° X
X~ Gam(z,'13) ! bm
| -\lgx

il dn
q J X¢
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-l % ~\3x
= 3\| [-?ﬂe +3-3)e ]

=i -
?é [D - (-s(b)a 3(6) _qeusm)]
= 2¢° ~ 0.4060

(X2 )= 0-4060



Kernel and Integration Constant

)\a
fz(z;a,\) = Ta) 7 0,00) (2)-

e PDFs/PMFs must integrate/sum to 1.
e The functional form can be thought of as two pieces:
1. The “kernel” is the portion that depends on the argument (x or 2)

2. The “normalizing constant” is the part that depends only on parameters; this makes the function
Integrate to 1.

e The support (given by the indicator function) is part of the kernel.
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Kernel and Integration Constant: Example

AOA

a—1 —A\z
I
T(a)” ©

fz(z;a,A) =

<

0,00) (2)

1. The kernel is 2%~ "I} o0 (2).

2. The normalizing constant is A% /T" ().

We know that

1 :/ 2 le 7 d 2 ity () :/ 20 le=A2d .
0 0

['(«) e

x (P f
- N ‘
= X sz@ 4z /imp\\%
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Kernel Matching

N EXERCISE: KERNEL MATCHING

1. What is

o0
/ 23e°%d2?
0

2. What s

00 )\4
/ z 23e Md2?
o I['(4)

Hint: RecallthatI'(n) = (n — 1)!whenn € {1,2,...}.
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Kernel Matching lookcs ik Gam(o=y, A=5)

® 3 _92 Y-\ -5%
*) j2'e CLZ"..SZ e dz
0 0
q
O NN 5 S malk. oy |
5S4 Oy
00
= P_("j) E‘,‘ z“"e' >E o =l slnw (Smw‘\'/\a—
SH 3,9(0\\ — paf!
=W .|
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Kernel Matchin

S P N\ M st"ej Az

N2
dz = 5;5_“’)\_“_@,)\ o2
0

P (u)
S-| - N S l00Ks il

_}; 2 e dz ,
0(4) Qoun (S, 2)

Wt loa, \

)\ F(_g) M4y §

= PG\ J NN ko

IENCVRRETT Gom( 5, A)

-

=N = 43 .4
ECR N 220 A
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The Normal (Gaussian) distribution

LI DEFINITION
Let u € R,0 > 0. ARV Z with pdf

fZ(Z;,UaU2): : eXP{—

is said to have the N (u, o%) distribution.
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The Normal Distribution

e This distribution is incredibly important.
e Thereasonisthatitis good for modelling averages. We’ll justify this rigorously later.

o Z ~ N(0,1)is called the standard normal distribution. When Z is written without context, it is often
understood to have this specific distribution.

e Unfortunately

P(a<Z<b):/ab

1
6_22/2(12,
27

e

does not have a closed form solution.
e Old folks (like me) used tables in textbooks to calculate this (Table D.2 on p. 712 for you).

e Nowadays, we use software.
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To do:

e Read Chapter 2.5 before next class
e Assignment 2 due tomorrow, May 27th @ 11:59pm.

e Midterm is next Tuesday during class.
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