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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define a cumulative distribution function (CDF)
e Calculate CDFs from PDF/PMFs

e Perform change of variables to calculate CDFs and PDFs/PMFs for functions of random variables.
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1 Cumulative Distribution Functions
(CDFs)



Cumulative Distribution Functions (CDFs)

L DEFINITION

The cumulative distribution function of a random variable X is

Fx(z) = P(X <), forz e R

& THEOREM
Let X be arandom variable with CDF F'x. Then:

1.0 < Fx(z) < lforallx € R;
2. F (x) < F(y) forallx < y;
3. lima_>_oo FX (a) — O,

4.limg 100 Fix (a) =1
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CDFs for Discrete and Continuous RVs

Discrete RV Continuous RV
Fx(x) = t ’
x(@) =Y px(t) Fy(z) = / Fx(£)dt
t<x — 50
e The CDF is a step function and right-continuous. e The CDF is continuous (left and right limits are
equal).
CDF for X ~Binom(n =10, p = 0.5) CDF for Y ~N(0, 1)

Stat 302 - Winter 2025/26



Continuous CDF Example
Let X ~ Exp(A), with pdf

fx(x) :()\e_)‘wf[o,oo)(a;).

. EXAMPLE
Find F'x (x). Use the CDF to calculate P(z < 10) when A = 1/5.

O ) NG
¥x(’X3= 5 e ’ I[Q,m)(\’) dt ‘-’—j }\67\6 dt = )\ €
—Ro o -

=AX

¥x(')0=6 -€ >ICom)("‘)

~ljs(1o) -
P(RELD) = (\‘C > )1[0‘00)('0) = 0.80M
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Continuous CDF Example
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Discrete CDF Example

« EXAMPLE

Consider rolling one fair six-sided die, so that 2 = {1, 2, 3,4, 5,6}, with P(w) = 1/6 for each w € € Let
X be the number showing on the die. What is F'x(x)? Use this to find P(X < 5).

Bz P(xea) = Zpw) = &Y = 4| fuen, wend

WeEL ) WENX weL ywex R aamber of
e\ewants
0 %4\
E('X) - \\y 1£%x4{2
ixen) | Mo 2EX4S PxE3) = £,(3)= Yo

3/b 34xc\Y

) | XZb P(X £100) = H (o) = |
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CDFs and Distributions

=~ THEOREM

Let X be any random variable with CDF F'x. Let B be any subset of R. Then P(X € B) can be determined
solely from F'x.

e The CDF contains all the information about the distribution of X.

e |t doesn’t matter whether X is discrete, continuous, or anything else.

* COROLLARY

Let X be an absolutely continuous random variable with cumulative distribution function F'x. Let

d

ﬁw) = %Fx(m) = F'(z).

—

Then, f(x) is the density function for X.
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Aside: The discrete case involves finding the differences between consecutive CDF values.

Discrele example: OSswime  we e gven  COF He(X).

P(x=5) = P(x£95)-P(X&D)
= P(X<S) = P(X &Y D
= R(3) = Fe(W)

oy Hais wivhh die oomp!)

Stat 302 - Winter 2025/26



Mixture Distributions

€ PROPOSITION

Let X1, Xo,...bearandom variables with CDFs F'x,, F'x,, . ...
For any constants p; such that p; > 0 and Zle p; =1, Fg(x) = Zle p; Fx.(x) is the CDF of the

mixture of Fx..
Coi ore Vil wa«(fv\‘cs)

G=X + X2

V(, (%) = P F)h () 4 ?lv\(z(x)
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Mixture Distributions Nz SHTS

« EXAMPLE

Suppose a bag contains two coins. You choose one at random and flip it once. Let X be the number of
heads.

Coin A is a fair coin, with P(flip Heads) = 0.5 Coin Bis a loaded coin, with P(flip Heads) = 0.9
Write out the CDF for the number of heads flipped.

Eaun COid Noas o bebubi\i\—a, of ‘afi\r\? Mosen = 0:5 D Pa=0.T

_ 0 Xéb} € o coin is Plipped; Conmwk Wow <O haads, ps=0.5
00 =0 www ¥£DO

ose v 05et] Fato) = X4 1) = PUx=0) =05
BOO= PX41) = ¢(Y=0) = |-04=0:|

Fa(0= para )+ P00 = 0.5(0.5) + 0.5(00) = 0.30

Stat 302 - Winter 2025/26 W 0 S)(L‘




Mixture Distributions
[Cuse 2 ¥ 21| The nuwber of Nods cow only e 0 or |
A 0SSl ouwktomes ore Copluwed onee
X2 Fa)=) wham Y2\
Febd =1 whean x=

- 4

OO = 05U+ 0-SLD = |
O ¢ 24O
Fol)= 0.30 ¢ 0<¥x&N
\ 1 X2
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Mixture Distributions

Consider the scores of a midterm. Suppose that there are three types of students, modeled as follows:

1. Poorly prepared students who did not study much (30%): X1 ~ N (u = 50,0 = 10).
2. Well prepared students who studied a lot (60%): X5 ~ N (u = 80,0 = 8).
3. Students who didn’t take the exam at all (10%): X3 = 0 with probability 1.

N\ EXERCISE: MIXTURE DISTRIBUTION FOR MIDTERM

Find the CDF of the overall score distribution X. Write your answer in terms of the standard normal CDF
().
Hint: If Y ~ N (p, ), then Fy (y) = @ (£5).

o
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Mixture Distributions

F ()= 03K, (M) + 0.6F, (x) + 0.10F, (x)
= 03§(X-Yb . o,b@ X~ 80) + O. iI (x)

4@)



2 Transformations of CDFs



One-Dimensional Change of Variables

Sometimes we want to perform transformations on a random variable. This is when we can turn to change
of variables.

e Let X be arandom variable with some distribution
e LetY = g(X) for some functiong : R — R.
e We want to find the distribution of Y.

There are two ways to do this: the distribution method and the Jacobian method. We will present both.
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One-Dimensional Change of Variables: Distribution Method

The distribution method just uses the definition:
P(Y € A) = P(¢(X) € A) = P({z : g(z) € A)}).

If we can characterize these sets, we can find the distribution of Y. This method always works, and is easy
for discrete random variables.

=~ THEOREM

Let X be a discrete random variable with PMF px (). Let Y = g(X) for some function g : R — R. Then
the PMF of Y is given by

py(y) = Z Z pX

z:9(x)=y rxeg1
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One-Dimensional Change of Variables: Distribution Method

Let’s make this method a little more algorithmic.

If you want to find the distribution of Y = g(X), then you can do the following:

P(Y € A) = P(g(X) € 4) = P({z : g(2) € A}) = -

1. Start with the definition of the distribution of Y.
2. Use the definition of Y in terms of X to rewrite the probability in terms of X.
3. Use the distribution of X to compute the probability that g(X) € A.

4. Then play algebra games to get it into a nice form; possibly “match” a known PDF or CDF.
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One-Dimensional Change of Variables: Distribution Method
(Discrete)

Let’s start with a straightforward example:

« EXAMPLE

e Let X ~ Binom(n, @), forsome@ € (0, 1).
e letY =n — X. X =1

Find the PMF of Y.

febn= (1) O -7 T, 00
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One-Dimensional Change of Variables: Distribution Method

(Discrete) (n) = Y=pn-x>
X~Biantn) | Pyl = & 0 Z(V’)‘ X) = Xz 0\
\l = n - ¥ a a N, (N -—‘a,

/

= Plog = (“'_‘a)e'%«e)”xu.\,-... (o)

Nove' Stk ot binomial coett ( ) Q\“K) lb> lo>

= ('} )ufn‘*(e\ Vsl ¢

(\ (\-0))

‘N E\QL“‘ I-H)
Stat 302 - Winter 2025/26



One-Dimensional Change of Variables: Distribution Method
(Discrete)

Addem dwmt Neoke on uJVv& M wndh cavor WM»UAJZ

We’ M\Nr «6 éo‘\ll(-“-(““\lng
N=n-¥ \ gl res \36 in—o. N-\ - o}zin‘n«\. . T\ D§

= 46 2o, n\ind
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One-Dimensional Change of Variables: Distribution Method
(Continuous)

. EXAMPLE
Let X ~ Exp(]A), find the distribution of Y = 3X. C C,DF)

X: (0,1)
P(NE o) =P(3X2y) |
% :p()(é_ :3(%) 3X,(.040°>
=(913)

= |-e Too, mly) > F ek B™)
= |- e-(%rs)a T oo B ‘{’VEXP( N3



One-Dimensional Change of Variables: Distribution Method
(Continuous)

. EXAMPLE
If X ~ Exp(\), whatisthe CDFof Y = X + 57

PMey) = P45 £ 9) s“"";? ”‘)‘“"‘"P’
- X:LO 0©
= Plx& \6.-5) 4=X45 : CSi»)
= K (4-9)
-n(u-9)
- \ - e » \a ICS"N)



One-Dimensional Change of Variables: Useful Results

The following useful results follow from the previous examples

¥ PROPOSITION

If X be arandom variables with CDFs F'x Then the the following hold:
1.TheRVY = X + chas CDF Fx(x — c);

2.The RVY = kX has CDF F'x(z/k) forany k > 0;
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One-Dimensional Change of Variables: Jacobian Method

For continuous random variables, you can also use the distribution method, and sometimes this is the
easiest way. The other common method is the Jacobian method.

. THEOREM

Let X be an (absolutely) continuous random variable, with density function fx.LetY = h(X), where
h : R — Ris afunction that is differentiable and monotonic.

Then Y is also absolutely continuous, and its density function fy is given by

fr(y) = |_

where h~1(y) is the unique number z such that h(z) =
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One-Dimensional Change of Variables: Jacobian Method

. EXAMPLE
e Let X ~ Unif(0,1).
e letY = —log(X). = wmonstonic omd difL. oy (0900) Can W2 Jut watady

Find the PDF of Y.

N=hOD = =\og (X - A
5 WYx) = e:a)( S:\‘ (.%) = H“\ L%\) \ E%(h ‘/‘t“\

s h—q%\; e = %x(e"‘) \é&(éu)l

Od ey - -V )
‘K&h (\P e = (\) (ICO‘ \—3(.5“)} \-e J ‘
0= LYo - ICO.&) (-ed D YaBepl))



One-Dimensional Change of Variables: Jacobian Method

N EXERCISE:

1. Let X ~ Unif (—1, 1). Use the distribution method to find the PDF of Z = X2,
2. Let X ~ Gam(a, A). Use the Jacobian method to find the PDF of Y = 1/ X.

Recall the Gamma PDF:;

fx(x) = wo‘_le_’\xl(o,oo)(x).

1€ X~ Wik (LRY B = LIEL‘GL'X) Wl L4AR
R-L
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One-Dimensional Change of Variables: Jacobian Method
[. WO 1S nok monotonic > nd b we Disk mibned..

2=n00=%" 1 range of % [1i1)
Z. [oul]

Tor 2€ (0) F&(&)- Y(22 ) = P(Y%< 2)
= P(‘ﬁ‘xar) N

J(\‘c )% = lhbc—'-ﬁ =Nz Lpg?

WE fa(0)= ARe)= 4 L3 1(0..:‘27

02 - Paiszitsisee CLNNOY — O



One-Dimensional Change of Variables: Jacobian Method
2. W)= Y% 5 monokynic ‘hlah ‘:x(\ﬁ‘(up) l.%*m‘ﬁ)

= ()= |
\‘la ::_f:;) = \7‘& N :.Xf ( SH it L
5 d (o ) * Y ' lIlO.w)
d‘;*(h l4) =%, ¢ e Ny
— -l \3 < l(olmup

Ly “laverse Gowvima



This is the end of the “testable” content for your midterm.

e Your midterm will cover materials from Lectures 1 - 8
e DATE: in class on Tuesday June 2

e LENGTH: 1 hour and 50 minutes in length.

e You may bringin one (1) “cheat sheet”:

= Must be HAND WRITTEN with pen/pencil on said sheet of paper (not typed, not photo copied, not
printed, not written on an iPad)

= Must be on 8.5 by 11 inch sheet of paper or smaller
= You may write on both sides
= No magnifying glasses or anything else silly
= | will confiscate cheatsheets that do not follow these rules %
= | do not care what is written on it
e Exam is hand written on paper, bring something to write with

e You may bring a non-programmable, non-graphing calculator.
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To do:

e Read Chapter 2.7 before next class
e Assignment 2 due tonight, May 27th @ 11:59pm.

e Start reviewing for your midterm. No assignment due next week.
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