Lecture 11

Conditional Distributions and Independence

Grace Tompkins (Presented by Dr. Geoff Pleiss)
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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

 Calculate conditional distributions from a joint distribution

 Relate the notion of independence to conditional and joint distributions
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1 Conditional Distributions



Conditioning on Discrete RVs

Ll DEFINITION

Let Y be a random variable, where X is a discrete random variable. Suppose that P(X = x) > 0 for some
x. Then the conditional distribution of Y given X = x assigns to each set A C IR the probability

P(Y € A, X =x)

PYcA|X=z)= =

Here, we do not specify whether Y is continuous or discrete.

Stat 302 - Winter 2025/26



Conditioning on Discrete RVs

Ll DEFINITION

If X and Y are both discrete random variables, then the conditional PMF of Y given X = z is defined by

PY=yX=2z) pxy(zy)
P(X = z) px(z)

PY|X(3J | z) =
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Conditioning on Discrete RVs

e Let X and Y be the results of rolling two fair 6-sided dice.
e letV=X+Yand W = max{X,Y}.

The joint PMF of W and V' is
WAV 2 3 4 5 6 7 8 9 10 11 12
1 1/36 0 0 0 0 0 0 0 0 0 0
2 0 2/36 1/36 0 0 0 0 0 0 0 0
3 0 0 2/36 2/36 1/36 0 0 0 0 0 0
4 0 0 0 2/36 2/36 2/36 1/36 0 0 0 0
5 0 0 0 0 2/36 2/36 2/36 2/36 1/36 0 0
6 0 0 0 0 0 2/36 2/36 2/36 2/36 2/36 1/36
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To con 'ti)w\on W, we look at a particular row, while to condition on V', we look at a particular column.
Then renormalize by the sum of the row/column.

be) U

—
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Conditioning on Discrete RV
e SM of :L\c,:

w \ |4 2 3 4 5 7 8 9 10 11 12
ﬂ 1 1/36 0 0 0 0 0 0 0 0 0 0
\i Al.u* 2 0 2/36 1/36 0 0 0 0 0 0 0 0
3 0 0 2/36 2/36 1/36 0 0 0 0 0 0
4 0 0 0 2/36 2/36 2/36 1/3691 0 0 0 0
5 0 0 0 0 2/36 2/36 2/36 1/36 0 0
6 0 0 0 0 0 2/36 \;/36 2/36 2/36 2/36 1/36
v EXAMPLE \/ Z/ 2/
Given the above table, whatisP(W =5 | V = 8) 30 26 3/6'

g ———

—
Plw=51V=8) = P(w-5,v-v) 7564 Be + T2

oCv-3) = JPw=5;v=3) _ % _ o
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Conditioning on Discrete RVs
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Conditioning on Continuous RVs

LU DEFINITION

If X and Y are jointly absolutely continuous random variables, then the conditional density of Y given
X = z,is the function

o fX,Y(iU,'y)
frix(y|z) = @

valid forany y € R, and all z such that fx(z) > 0.
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Conditioning on Continuous RVs

Ll DEFINITION

Let X and Y be jointly absolutely continuous random variables with joint PDF fx y. The conditional
distribution of Y given X = x assigns to each set A C RR the probability

b
IP’(angb\X:a:):/ Fo | )l

valid for all z such that fx(x) > 0.
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Conditioning on Continuous RVs

v EXAMPLE

Let X and Y be jointly continuous random variables with joint PDF

1
fX,Y(ﬂU,y) a: I{O<y<:c} ,y).

7 () = f'ﬁﬁ@/‘-’b y

b. Find the conditional PDF of Y given X = x. What distribution does Y | X have?

a. Find the marginal PDF of X. What distribution does X have? /

45 (x) = Fr o (% v) 13 OEWerA * fu&d)
= f F -\5 - S,KCX)
E = %€ Igosyen
= - IS - | - -X -
’7-( ex 0 {\j - ?’(' exx = C ) e

l
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Conditioning on Continuous RVs
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Conditioning on Continuous RVs

N EXERCISE: TRY THIS ONE

Let X and Y be independent with X ~ Exp(1) andY ~ Exp(2).Let S = X + Y. Find the conditional
density fxs(X = z|S = s)
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Conditioning on Continuous RVs
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Conditioning on Continuous RVs
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Heuristics Types of Distributions of Random Variables

e Suppose that X and Y have ajoint distribution P(X € A,Y € B).

e We can find the joint CDF, PMF, or PDF of X and Y.

e The marginal distribution of X is the distribution of X when we “ignore” Y.

e The conditional distribution of X givenY = yis theMen we “fix” Y to be y.

e The marginal comes from “summing out” or “integrating out” the other variable along the rows or
= =
columns of the table.

e The conditional comes from “dividing out” the other variable. Fix a row or a column, and then
. o . ——
renormalize (divide out).

e WhenwesayY | X = z, we usually specify a formula. Meaning, we write down a function that gives the
conditional PMF or PDF of Y given X = z forall z such that px(z) > 0 or fx(x) > 0. Renormalizing
the row of a table gives the conditional PMF for a specific value of .
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2 Independence



Independent Random Variables

. THEOREM

X and Y are independent if and only if for any sets A and B we have

P(X € A, Y € B)=P(X € A) P(Y € B).

This is the definition of independence. It says that the joint distribution factors into the product of the
marginals.

But this has immediate consequences for the joint CDF, PMF, and PDF.

Choosing A = (—o0, z] and B = (—00, y|, we have that, if X and Y are independent, then
—SP—

Fxy(z,y) =P(X < z,Y < y) = P(X < z2)P(Y <y) = Fx(z)Fy(y).
Fe re———

The converse is also true: if Fix y(z,y) = Fx(x)Fy(y) forall z,y, then X and Y are independent.

P(x e Crox) Qe (w )
= F)f,'-‘j (f , 3) Stat 302 - Winter 2025/26
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Independent Random Variables, Using PMFs

L. THEOREM

If X and Y are discrete random variables, then X and Y are independent if and only if

pxy(z,y) = px(z)py(y),

forallz,y € R.

Py (41y) = Busind - ROIBE - p (o

R (9 K}@
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Independent Random Variables, Using PDFs

L. THEOREM

If X and Y are jointly continuous random variables, then X and Y are independent if and only if their joint
density can be chosen such that

fxy(z,y) = fx(z)fr(y),

forallz,y € R.

e Regardless of continuous or discrete, when you hear “independent”, think “joint factors into the product
of the marginals”.

Lo (410 = Tnl¥d | H£,6) A
T (9 Beag()
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Independence

N\ EXERCISE: EVALUATING INDEPENDENCE USING MARGINAL DISTRIBUTIONS
Let X and Y have joint pdf

Bzy if0<z<y<l
fX,Y(wvy) — {0 Y else. Y

Find the marginal PDFs of X and Y. Are X and Y independent?

£60 = [ Sug dy - 30 o
X

‘5‘3-‘

$ex
'3 Z X=

S yo Byy dr = Iy4 l = HyP T

':J(;\CX) f Cy) = Hx(-¥) 4y X o O T 5 )
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Independence
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Maximum of Independent RVs

» EXAMPLE

Let X and Y be independent random variables with CDFs F'x and Fy.
Let W = max{X,Y}.

Find the CDF of W.

Fu(w) = ‘?CW‘—‘@ = (mwix;ﬁ ¢ w)

= ﬁ()(¢. £w> =
SR

\?O(c,- uo) @Ctd < u)
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Maximum of Independent RVs
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Maximum of Independent RVs

The previous example also extends to the maximum of n independent random variables.

Suppose that X1, Xo, ..., X,, are independent random variables with common CDF F'x. Let
W = max{X, Xo,...,X,}. Then

Fy(w)=P(W <w)=P(X; <w, X3 <w,...,X, <w)=(Fx(w))",
— fw(w) = diFW(w) = n(Fx(w))" * fx(w). (by the chain rule if X is continuous)
w
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Minimum of Two Independent Random Variables

N EXERCISE: MINIMUMS

Let X ~ Exp(\) andY ~ Exp(u) be independent random variables. Find the distribution of
U =min{X,Y}

Hints:

e If Z ~ Exp(#),then Fz(2) =P(Z < 2) =1—e %forz > 0.

e Therefore,P(Z > z) = e %*forz > 0.

P(x>2,9>y) - P(x>x) F(Yy>y)
= e—)m e:/‘*'a-
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Minimum of Two Independent Random Variables
(A= miniK Y3
PlUsw) = P(mininyd sw)
2 || = FPCmm‘ix,sﬁ > )
L= POew, Yow
=1 - P (ew P>

et e
- - _Mu —(}‘+ I
ol B L N P
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Sums of Independent Random Variables

To find the distribution of a sum of independent random variables, we could use the distribution method
or the Jacobian method.

For this specific case where RVs are independent, there’s also a third method called convolution.
X+ Y=

s. THEOREM

Let X and Y be independent random variables.

If X and Y are both discrete random variables, then Fof U = X + Y is given by

TU~W

ZPXU— (w) = pr(u — w)px(w).

If X and Y are both continuous random variables, then the PDF of U = X + Y is given by

e PM
ow

— /Z fx(u—w)fy(w)dw = /Z fr(u —w) fx(w)dw
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Sums of Independent Random Variables

v EXAMPLE
Let X and Y be independent Unif(0, 1) random variables. Let S = X + Y. Find the distribution of S.

£ = | Ferfy 6 s [T1 0T, 6
f Lo ) Lig, gy (21 dw

fsqlu'; 0csS <)

fs_‘clw=?,-5 l€£s <2
Q if S<o, s22
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Sum of Independent Random Variables

Llo SRR

N\

A \. U\'Q(,(
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Sum of Independent Random Variables

N\ EXERCISE: INDEPENDENT EXPONENTIALS

Let X and Y be independent Exp(\) random variables,. Find the PDF of U = X + Y using the
convolution method.

Hint: be careful with the limits of integration. Recall thatif Z ~ Exp(6), then f7(z) = Oe %I g - (2).
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Sum of Independent Random Variables
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To Do

e Work on Assignment 3, due Wednesday June 10, 11:59pm on Gradescope.
e Read Chapter 3.1 and 3.2 (7 before next class.

e Grace will be back for your next class! Please save your questions for her and/or the TAs where possible.
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https://utstat.utoronto.ca/mikevans/jeffrosenthal/

