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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define a CDF
e Use a CDF to calculate cumulative probabilities
e Convert between PDFs and CDFs

e Find Mixture Distributions
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Cumulative Distribution Functions (CDFs)

L DEFINITION

The cumulative distribution function of a random variable X is

Fx(z) = P(X <), forz e R

& THEOREM
Let X be arandom variable with CDF F'x. Then:

1.0 < Fx(z) < lforallx € R;
2. F (x) < F(y) forallx < y;
3. lima_>_oo FX (CL) — O,

4.limg 100 Fix (a) =1
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CDFs for Discrete and Continuous RVs

Discrete RV Continuous RV
Fx(x) = t ’
x(@) =Y px(t) Fy(z) = / Fx (£)dt
t<x — 50
e The CDF is a step function and right-continuous. e The CDF is continuous (left and right limits are
equal).
CDF for X ~Binom(n =10, p = 0.5) CDF for Y ~N(0, 1)
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Continuous CDF Example
Let X ~ Exp(A), with pdf

fx(x) = )\e_)‘wI[O,OO) ().

. EXAMPLE
b

0) et = P(x £ x) = f N Teomy () db =

— NX

L-)-(l’)() (l" —%X)ICO,W)L’)O - - e
0

B) ) = f(x 20 = (1=e ") Ty oy (1) =
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2
) Find F'x (). Use the CDF to calculate P(¥ < 10) when A = 1/5.

_\b _»b
f)\ » dt = -e A

X 20

0 HMM&Z—

0-86Y



Continuous CDF Example
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Discrete CDF Example

« EXAMPLE

Consider rolling one fair six-sided die,b othat ) = @3, 4,5,6}, withP(w) = 1/6 foreachw € () Let
P) X be the number showing on the die. What is F'x(x)? Use this to find P(X < 5).

o) Fulx) = (&)= ZpwW) = 2 b = - |Ewed; weni)

well,wen  wWEQ,wix

Whwve  daes CPE WVW’(J? X=1,2,3,u.,C.b

O X £ |
Fxlfx):?()(é'x): b | £ XL 2
2/p 2%l 3
A g: Sexst o
N P(XS) = () ' x> b
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- PLX.‘;Z‘V): Y(X=| or x=22)
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CDFs and Distributions

=~ THEOREM

Let X be any random variable with CDF F'x. Let B be any subset of R. Then P(X € B) can be determined
solely from F'x.

e The CDF contains all the information about the distribution of X.

e |t doesn’t matter whether X is discrete, continuous, or anything else.
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CDFs and Distributions

£ COROLLARY

Let X be an absolutely continuous random variable with cumulative distribution function F'x. Let

Al

/\/\/\ d

fr(a) = = Fx(z) = F'(a).
A~V
COF

Then, f(x) is the density function for X.

Aside: The discrete case involves finding the differences between consecutive CDF values.
(Diswe\c couse )

P(x=5) = PX£5)~ P(xc5) M=2L23. 0,605
=P(¥25) - p(X& k)

= S/, - Ul

—
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CDFs and Distributions

N EXERCISE: FROM CDF TO PDF

Suppose a continuous RV has CDF:

a. Whatis P(X < 0.75)?
b. Find the PDF fx(x).

0) P(x£0.15) = Fx(0.75) = (015)7= 6-Sbzs

b) O X< 0 —
X

© X >\
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CDFs and Distributions
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CDFs and Distributions

N EXERCISE: FROM CDF TO PMF

Suppose a discrete RV has CDF:

0 r <1

01 1<zx<?2
Fx(z)=<03 2<x<3
0.7 3<zxz<4

a. WhatisP(X <3.5)?= 0.3
b. Find the RRF fx(z).

Wi grovalaili vy Chronges: X=1, 2,3, Y

PX=3)= A¥£3)- P(x£3)

= &(3) - &1
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SylN) =

o -|
0-2)
0-3S

X X X X

Woou o\
? o W N
°F’
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CDFs and Distributions

Stat 302 - Winter 2025/26

14



Mixture Distributions

€ PROPOSITION

Let X1, Xo,...bearandom variables with CDFs F'x,, F'x,, . ...

For any constants p; such that p; > 0 and Zle p; =1, Fg(x) = Zle p; Fx.(x) is the CDF of the
mixture of Fx .

L o 0U- oS Wbt%/\\'s

(;(,\ (’)03 Pul;(, (’X) & Pz:-z_(')()
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Mixture Distributions

« EXAMPLE

Suppose a bag contains two coins. You choose one at random and flip it once. Let X be the number of
heads.

Coin A is a fair coin, with P(flip Heads) = 0.5 Coin Bis a loaded coin, with P(flip Heads) = 0.9
Write out the CDF for the number of heads flipped.

Ealn toln has o equal prb. oF being Chosen:  Pa= O-S
fossive vawes oF Weads: o, ) Pp= O-%

\ga&b 0: X(Q & o Ccoin 19 P“‘PPLA" we Loan & (a&/\’ L0 hads.
FoldXD= O wham %40

Stat 302 - Winter 2025/26

16



Mixture Distributions
‘C’M’"\(’ O< x4l Fals) =z P(x=0) = 0.5 fv 0S¥
Fe(x)= P(x=0)= 1-04 = 0.10

S Fa 00 = QAFALO) v paFa(x)

= 0-5(0-5) + 5.5(0/\0)
= 0.%

\C:(W/Z‘«XZ\) The nwber o F hwadS  can ovma, be O or |.

/\ om X2\, adl PossToM  oukcomsd G tovptwredd
ek o 2 | kAl =\ wawan X2 |

Plx 2 = 2 Fo (w) = | WINTVSES

PIXE ) = | FO0= 05U + 051 = |

Plvc ) = |
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Mixture Distributions

Fa) =
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. - L. . I\ poSt
Mixture Distributions o so\/Pch\ovxs onﬁiw@

Consider the scores of a midterm. Suppose that there are three types of students, modeled as follows: \ON\O\W\>

1. Poorly prepared students who did not study much (30%): X1 ~ N (u = 50,0 = 10).
2. Well prepared students who studied a lot (60%): X5 ~ N (u = 80,0 = 8).
3. Students who didn’t take the exam at all (10%): X3 = 0 with probability 1.

N EXERCISE: MIXTURE DISTRIBUTION FOR MIDTERM

Find the CDF of the overall score distribution X. Write your answer in terms of the standard normal CDF
().

Hint: If Y ~ N (p, ), then Fy (y) = @ (£5).

o
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Mixture Distributions
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Upcoming Assessments:

e Checkpoint 4 (Sections 2.5 - 2.6: Continuous RV and CDFs) is on Friday Oct 30th
e Checkpoint5 (Sections 2.7 - 2.8: Joint, Marginal, and Conditional Distributions) is on Friday Nov 6th
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