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Final Exam Information

Warning

Our final exam is scheduled for June 22nd, 2026 at 8:30am. Please find the room location on Workday.

The exam is 2.5 hours, with the exact same rules as the midterm.
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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define and calculate expected values, variance, and standard deviation from discrete and continuous
distributions
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1 Expected Values



Expected Value of Random Variables

L DEFINITION

The expected value of a random variable g(X) is defined by
f Z g9(z)px(x) if X is discrete
I

Elg(X)] = <

/ g(z)fx(x)dr if X is absolutely continuous
LJ_

o0

provided that the sum or integral exists.

e The sum in the discrete case is over all  such thath(a:) > (0 (countable).
e The sum/integral exists when [E||g(X)|] < oco. Otherwise, we say that [£[g( X )| does not exist.

e Note that you do not need to know the distribution/PMF/PDF/CDF of g(X) to compute E[g(X)], only
the distribution of X itself.
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Expected Value of a Random Variable

« EXAMPLE

Let X be the value of the face of a die when rolled. What is the expected value of X?

P(,Y"\) = PLX‘;L\ = P(ng)-u f’(xce) - ./b

b
EOO = 2 Xi Pxlai)

(=i

= $) £ T@) + L)+ £ 59D 45 (6)

= 3.5

S5 Huis males  sSonsce IM—MHve\/a, 0y 9.9 s M\F\Mla— between | and §
and We wave equal  pnbabiities R ench evant-
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Expected Value of a Random Variable

. EXAMPLE
Let X ~ Binom(n, #). What is [E| X|? Hint: we can use “kernel matching” and use the fact that

z(z) =n(;2):

Ex)=Zx- (M) U-ey"

X=o

e [N X X
= 0+ KZ"X(')()B “’e)ﬂ Sine suwm 3 0 whan =0

=2 "U;(: :)6"‘(‘-33“"" Wiing-  bink

X=

n- 4 ﬂ°(a\") |
_ n-t ; swoshituke X-|=
-“%o(a)@(\e\ &
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Expected Value of a Random Variable

=N g (“" )‘l’f’ M[\oe\“-(w) SWo stivuke “-‘s%
4=° d 2 X= 4+
. (n=l)-
=n Z ("y)0%00-2) ¢
. .
3‘\9 Z_ (“;) 63("9) PMF Oe B"\om(n_“ e)
g—o '
=nf (1) st 3. S over PMF
=n®

EOX) =00 wWium X~ Binom (0, &)



Expected Value of a Random Variable

N\ EXERCISE: GAMMA EXPECTATION
SupposeX ~ Gamma(a, A). What is [E| X|? Hint: kernel matching!
o

() = Xx 3 ‘7‘%1' A, A2 0
n(on For

Eb) = J'X-Pm X

L - NX

lx p—(-37 e IEO[W)(’X) d')(
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Expected Value of a Random Variable

N - NX
= J’xr\—(;ﬂ'x e Itg,p)(«) X
-®
I PR
= _\_ ’)(d\e, ol X
M)
N
oY 1 (“")‘L)\tx
= N PMad) \ X e dx
M) A+ M (ot t)

LY
A

Mmult. ba_ .

Sinee PDF Gom (aay, M)

St P (o)
= o N ()



Expected Value of a Random Variable

N\ EXERCISE: MORE GAMMA EXPECTATIONS

Let X ~ Gam(a, \) where a > 0 and A\ > (. RecassaateimgaiiingfmeRiy= G mmfimiiesinee Hy

Lett < A.Find E|exp(tX)].

hink. Kevrnd mw\—dn‘\mar

Two ophm\s‘.

£X
) Fad dist of Z=e

, HYun calawlate £C2)  (harder)
P
2) bpgby cakn of Eqgix) = [ gookimdx N
=0

s 300: ©
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N\

Expected Value of a Random Variable

loocs lie Gomlory A-£)

mult- ba_ )

6o (7]
E (c/t\() = J etY‘px(,x) 0\)( = j e'b(A'K ’xo(—\e/-?\’xoux
_ o M)
s
= N [ann o
T— J X e o X
N(dk) Sr
% N
= )\ -l <(Nt)x
R f e dx
A oo
= X Pl [ ()t ot ~(A-b)x
Bty Gy X ’
=N 00




Important Properties

(Where the expected value exists.)

Linearity
foranya, b, c € R, any functions g and h, and any random variables X and Y.

Elag(X) + bh(Y) + c] = aE[g(X)] + bE[A(Y)] + c
Boundedness

Ifa < g(x) < bforallx in the support of X, thena < E|g(X)] < b.

Monotonicity
If g(x) < h(x) forall z in the support of X, then E|g(X)] < E|h(X)].

Independence
If X and Y are independent, then

Elg(X)h(Y)] = Elg(X)|E[R(Y)]. 0Ny V& XN e indopenclami!!
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Expected Value of A Function of Two Random Variables

N\ EXERCISE: EXPECATION OF TWO RV
Let X ~ U(0,0) andY ~ Exp(1) be independent.
FindE [ (X +Y)?].

ECL0) = E(L084 20y +y2))
1 E(x"+1xy +42)
=4 [E(Xﬂ* 2EOM) + E(\l")] by “"'—WW‘J'
=1 EW) + EOEW) + 4E(?) by indepenclonic
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Expected Value of A Function of Two Random Variables

$ 4
t) = ’.—'— ':J- =
E(X*) Sf'x 59X e,% e

P

. RN M
EL\I)'J:,-}.e k"‘ﬂ: Xf%e ou(ra...=l
EU?) = Sg keka&% P(3)=2 e it You com

2 1
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Scalar-valued Functions of Multiple Random Variables

\. THEOREM
Let g : R? — R be a function.

If X and Y are both discrete random variables, then

S‘S‘gw y)pxy(,y).

ro M’ pPMT

If X and Y are jointly absolutely continuous random variables, then

9(X,Y) / / fXY z,y)dzdy.

UD\ N4y de
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Product of Expectations

o THEOREM

 If X and Y areindependent, then E[g(X)h(Y)] = E|g(X)]E[h(Y)].

2 PROOF

Suppose that X and Y are jointly absolutely continuous random variables with joint PDF fX,y(w, y). Note
that E|g(X)h(Y')] is a scalar-valued function of X and Y.

E[%()Oh(,‘l\] = wa mam hly) P(x‘«o) o\Xo\%

= “jmam W - F00-Frp) dedy sive XN indep
s 200800 { M
»_{ :XD gu\&’()-ht};\ﬂ}p o\X‘i‘a— =_£3 _&"“ﬁcﬁ '*?)
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Expectations from a Joint Distribution

N\ EXERCISE: EXPECTATION OF A JOINT DISTRIBUTION
Let X and Y have joint PDF

fX,Y(wa y) — 85’33/1{0<m<y<1}($a y)

a. Calculate E[ X]. L ok C iﬂupe/hdm-\-

b. Calculate E[Y]. (h'\a, ot home)
c. Calculate E| XY].

w0 [y -aniy = | Jocpange Foygsy g0
- 8
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Expectations from a Joint Distribution
J SR

E(xY) = SJ"“;\&“& - oy

g 3
8 -4
18 q



Expectations from a Joint Distribution
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2 Variance



Variance

L DEFINITION

The variance of a random variable X is defined by

= Var(X)

]E[(X E[X]) (this is the ”definition”...)
{E X)Q' (... but this version is often easier for calculations)

e Careful here: [E| X ]| is a number, not a random variable.

e The variance is a measure of the spread of the distribution of X around its mean [E| X]|.

e Notethat g(X) =

(X — E[X])?%is a function of X, so we can compute Var(X) using the definition of

expected value.
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Variance

e The “units” of Var(X) are the square of the units of X, so sometimes we want to look at the spread of
the distribution in the original units.

L DEFINITION

The standard deviation of a random variable X is defined by

Tx = \/Var(X).

osed ‘o code S\ dwiabion? Stork b* &\mm«a Var(X)

3 609
= E(x)
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Properties of variance

(Where the variance exists.)

Scaling

Foranya € R, Var(aX) = a* Var(X).
Shift invariance

Foranya € R, Var(X 4 a) = Var(X).
Non-negativity

Var(X) > 0.
Relationship between Var(X) and E(X?)

Var(X) = E[(X - E[X])?
= E[X* - 2XE[X] + E[X]?]
= E[X?] - 2E[X|E[X] + E[X]?
= E[X?] - E[X]°.
— Var(X) > E[X?].
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Variance

Let’s do the following example together.

N\ EXERCISE: UNIFORM VARIANCE
Let X ~ Unif(0,1). Find Var(X).
Recallif X ~ Unif(L, R), then

fx(x; L, R) —

Var() = E(x?) - [ECAT"
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Varlance

E(x) = f'x =

W (x) ]: Eo) - [EWI®

RO,

Ll
3

1
Y

/"




Variance
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Variance

N\ EXERCISE: EXPONENTIAL VARIANCE
Let X ~ Exp(A). Find Var(X).
Hints: remember that E[X] = 1/Aand thatT'(z) = (z — 1)! forinteger z > 1.

- NX

{'x (’Y): \C ICO‘NBC'X)

EMX)= V%
E(xt)= 7

5 hint . Kernad mm\-dn\noo J
VAR(X) = ¢
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Variance

_ B O -1 =NX
E(*) = J’xz Ne dx " J\ X e X
0 (o)
= P(?:) 2 3 _NX
BTH AN\ e dx
N Vi)
- 73 314 _NX
N o N(3)
=08 .24, 2
X’ AT AT
\V ar DT EOX) - E(.X)tf-‘— %z :tam;ﬁkmzj _,\:z.

MW\ ba, ‘

POF of Bom(3, \)



Variance
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To Do

e Work on Assignment 3, due Wednesday June 10, 11:59pm on Gradescope.
e Read Chapter 3.3 and 3.4 (' before next class.
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