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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Calculate conditional expectations from conditional and joint distributions

e Useinequalities to find bounds of expectations and variances
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1 Conditional Expectation



Conditional Expectation

L DEFINITION

If X and Y are two random variables, then the conditional expectation of X givenY = yis

SIXIY =y = [ afxr (e, EXIY =3 = Y epxy(aiy)
(o inuou S dscre e

e Thisis the same definition we saw previously for expectation, just with the conditional distribution.

S 1YY = j/x2 X\“I(IXI%/B X 0 Z’XLPXN(I)(\EQ
— A x
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Conditional Expectation

« EXAMPLE

Let X and Y be random variables with joint density f(x,y) = 2for0 < z < 1,0 < y < . What is the
conditional expectation of Y given X?

p have

Seet Fad Fypy ) =5lny)
Tx(X) & naedl s

Lor 0L x|
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Conditional Expectation
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Conditional Variance Vor(so) = j (x- COYV X)) ok

L DEFINITION

If X and Y are two random variables, then the conditional variance of X given Y = yis

Var(X[Y =) = [ (o~ EIXIY = 4y (aly)de

©.0

Var(X|Y =y) = > (z — E[X]Y = y])’pxjy(=ly).

L

O = ECC 1) - (B )

S Mavs s oflen easior b talowdake
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Conditional Variance

N EXERCISE: TRY AT HOME

Let X and Y be random variables with joint density f(x,y) = 2for0 < z < 1,0 < y < . What is the
conditional variance of Y given X?

Try this on your own.

VarCN I =) = ECH X=00) = B (H1X=20) )
Neca \\

e

'C“"XW(/&B £or OL x|

3 J=X Tyt
E[\\zIXl:ggazf“\xan/: é\‘i\(g:b = %‘93-(“2(3—
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Conditional Variance

VorCN\ X =) = EC‘V’IX?@Q - (E L‘HXzoﬂ)L
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Conditional Expectation and Variance

Sometimes we are directly given information about the conditional distribution. If this is a “known”
distribution, we can just use the properties of that distribution,

« EXAMPLE

e Let ® ~ Unif(0, 1)
e LetY|® = 6 ~ Binom(n, )

Whatare E|Y|® = 0] and Var(Y|© = 6)?

Because the conditional expecation follows Binom(n, 6), we know:

e E|Y|O = 0] = nf and
e Var(Y|© = 60) = nb(1 —0).

This is much easier than finding the PMF/PDF of V.
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Conditional Expectation and Variance

@ Important

Quick knowledge check. Are conditional expectations and variances random variables?

e\
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Conditional Expectation and Variance

e The properties of expectation and variance that we have seen before also hold for conditional
expectation and variance.

But there are some additional properties as well because [E| X |®] and Var| X |©] are themselves random
variables, and have their own distributions.

Let ©® ~ Unif(0,1), and Y|® = 6 ~ Binom(n, 0)

e W =E|Y|0®] = n0®isarandom variable that depends on ©.
e But® ~ Unif(0,1),so W ~ Unif(0,n)!
e Using the Jacobian method, we can show that the PDF of V = Var(Y|®) = n©®(1 — ©) is given by

2
- ny/1—4v/n

fv(v)

, 0<wv<n/4d
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Hierarchical Models

. . . £ EXP@ = EC;Q
We refer to this general setup as a hierarchical model.
1. We first draw © from some distribution. X1 /\NEX\P /\3 g ED( A} /(
|
2. Then we draw Y from a distribution that depends on ©. /\\

3. We can find the distribution of Y'|© as well as those of its expectation. Ia éO&VVl( AN 3 ) = o(/}\

N EXERCISE: HIERARCHICAL MODEL

o Let A ~ Gam(1,2).
o Let X|A ~ Exp(1/A).

Find the distribution of W = E| X|A] and E[W].

W=EXIAY= A so Wwa Gam(r) TYe stme dishows A
EL\N\: EL/\\) = \'l
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Hierarchical Models
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Law of Total Expectation
Using the definition of the joint distribution of X and A, we can show that

fxa(z,A) = fxa(z|A)fa(A)

1 1 _
=3¢ pyre o (@) os ()

= e e [g,00) (%) I 0,00) (A).

Using our definition of Expectation, we can find [£[ X:
E|X]| = / / iBe_w/Ae_AI[o,oo)(:B)I[o,oo)(A)d)\dx — oo
o Jo

That is:
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Law of Total Expectation and Variance (Tower Property)

=~ THEOREM

Let X and Y be two random variables. Then,

E[X] = [EEE[X\YH

Var(X) = Efvar(X\Y)] + Var[E[X\Y]].

and

e The first equation shows what we just saw, but it is general and holds forany X and Y.
e The second equation is a bit more complicated, but it is also very useful.

e |t shows that the variance of X can be decomposed into two parts: the expected value of the conditional
variance of X given Y, and the variance of the conditional expectation of X given Y.
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Law of Total Expectation and Variance (Tower Property)

. EXAMPLE
Let X and U be random variables such that U ~ Unif(Ojl), and E[X | U] = 3U2. Find E[X].

B ‘—__ i Ew)y= OFl _ |
EC) = E LEO(HDJ Z 7
:E [g\)&] \’(‘LTL%)Z C\'O)Z: A
‘2
= 3E(UH)

ecall: \I(M'(\L\ = EUA?’) -(E UD)L
’:'7, = ElUl) — ()

= EWw) = Y3

(or do ptegrotiva of
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Law of Total Expectation and Variance (Tower Property)

g—

CoxiuY

:E[S\)&]

= JE(WY)
“3( ')
= |

Cy) = E
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2 Inequalities



Markov’s Inequality

=~ THEOREM
Let X be arandom variable with P(X > 0) = 1. Then, foranya > 0,

E|X]

P(X > a) <
(X >a0) <=2

Note that this implies that for any random variable Y,

P(Y] > a) < E[|Y]]/a.
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Proof of Markov’s Inequality

7 PROOF

Let Z = al|, ) (X). We have that Z < X almost surely, and hence [E| Z] < E|X] by monotonicity of
expectation. But

E|X] > E|[Z]
=aP(Z = a) + 0P(Z = 0)
= alP(Z = a)
= alP(X > a).

~ @O £ Phzw

(o
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Chebyshev’s! Inequality

~ THEOREM

Let X be a random variable with finite mean p.

Then, foranya > 0,

P(X — 4 > a) <

Var(X)

az
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Chebyshev’s! Inequality

7 PROOF

We have
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Comparing Markov and Chebyshev

Let X be a non-negative random variable with mean u and variance .
We want to examine the bounds on P((X — u)/u > 1) given by Markov’s and Chebyshev’s inequalities.

Markov’s inequality gives

P((X — p)/p > 1) = P(X > 2u) < %Li:g

Chebyshev’s inequality gives

P(X - i)/u= 1) =P~ p2 ) SB(X—pl 2 ) < o) = B

So for any random variable with mean p and variance u, Chebyshev’s inequality gives a tighter bound
whenever u > 2.
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Binomial Bounds *~%n(n @) 2 ECO= @ Vortd) = n6((-2)

N\ EXERCISE: BINOMIAL BOUNDS

Suppose you flip a fair coin 100 times. Use Markov’s and Chebyshev’s inequalities to approximate the
probability of seeing 60 or more heads.

= Mmber o6& haads ~ Bin (100, 0.5)

Morkov' ¥IX2007) & EOO = wolos) - S/, = 0.8332
@0 0O

Oy shov - P Z ko) = P(X=5D 2 0) £ P(Ix-svl 2 10)
._.L \‘U(—(,X_) — |00(o 3)(09

——

104 10D
Stat 302 - Winter 2025/26 - llU( = O"’Lg

25



Binomial Bounds
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Far Away Stars

e Suppose that a radio telescope can measure the distance to a star.

e But due to atmospheric conditions, instrumental error, and movements of the earth, each measurement
is a random variable with mean p light years (the true distance) and variance 4 (square) light years.

e An astronomer plans to take n independent measurements of the distance and use their average X, as
an estimate for the true distance.

N\ EXERCISE: FAR AWA{Y?%ARS P\ £ )

How many measurements should the astronomer make if they want the probability of a mismeasurement
larger than 1 light year to be no more than 0.017

Hint: recall that E[ X ,,| = E[X{] and Var(X,,) = Var(X;)/n.

Ty \)LSW\C& (y\/\uodgv\wg Wikt~ Cinkbvnowin TN
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Far Away Stars
By U’%os\/\ws ', P(l)ﬂ -l > \> - Vol /iy

‘7,

= PlXn-ml>1) 2 4
N

Thus, We ostronomer  shipald

-
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Cauchy Schwarz Inequality

=~ THEOREM

Cauchy Schwarz for random variables

Let X and Y be two random variables with finite second moments. Then,

E[XY] < /E[X?]E[Y?].

' COROLLARY

Let X and Y be two random variables with finite second moments. Then,

Cov(X,Y)| < y/Var(X) Var(Y).
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Jensen’s Inequality
Recall that a function f : R — Ris convexifforany z,y € Rand A € |0, 1], we have

FOz+ (1 —=XNy) < Af(z)+ (1= X)f(y)-

5. THEOREM

Let X be arandom variable with finite mean and let f : R — R be a convex function. Then,

F(E[X]) < E[f(X)].
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Questionable Friendships

N EXERCISE: DICE

Your friend offers to play the following game with you.

1. Your friend pays you $49 to roll 2 standard 6-sided dice.

2. If you see z pips, you pay your friend $z?.

3. Repeat as many times as you like, and your friend will keep paying you $49 each time.

How many times should you play this game? Justify your answer.

nhinkt  Let X be M sum of 2 dice.
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Questionable Friendships
\o% o Groue C\Chu\okB
49
— | 2|

19
b

1
e

o
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Questionable Friendships

K= sum ofF Hwo due

EW = q— 3003-7(2 Lumvezx oWn S\)\\p(OH-B
CANERL
Ex) =49 4 E(X®) \QY)L MM S
Y v~
W i paybMk

00 Owerage. Yow will  \ok s \aa p&cwa%vxca s
o Mo shouldat playel  Exgected Puhost L cort ko
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Followup on Jensen’s Inequality

N\ EXERCISE: VARIANCE OF JENSEN'S

Show that the variance of a random variable is always non-negative.

Var(X) = Ex?) - ECO T

b Jensn's, §x\=4F T conver. Tieeboc
SO Z(EO0))*

a5 EO) Z E00*, 3 Ee) W) > o
S NwrlX?) 2. D
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Followup on Jensen’s Inequality
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To Do

e Work on Assignment 3, due TONIGHT June 10, 11:59pm on Gradescope.
e Read Chapter 4.2 - 4.3 before next class.
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