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Learning Outcomes
By the end of this lecture, students are anticipated to be able to:

Calculate conditional expectations from conditional and joint distributions

Use inequalities to find bounds of expectations and variances
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1 Conditional Expectation
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Conditional Expectation

This is the same definition we saw previously for expectation, just with the conditional distribution.

 DEFINITION

If  and  are two random variables, then the conditional expectation of  given  is
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continuous discrete

E(X (4)=Jfay(y) ex or Expertly



Conditional Expectation

 EXAMPLE

Let  and  be random variables with joint density  for . What is the
conditional expectation of  given ?
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-

Step 1 : Find feely . 1)=ytheen this

Stay= 2 Icons (e)
for O < X < /

felx(y(x) == = [ Iconly) Icons(x)2x -

optional



Conditional Expectation
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Step 2 : E(1x) =Safex(y(x) dy
= Jy- dy
=y

Aside:
= x

3

E
E(414=(2) = (2)=

I X for OXXL1
z



Conditional Variance

 DEFINITION

If  and  are two random variables, then the conditional variance of  given  is
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var(x
=Jx - E(X)(2fx(x)dx

var(X (4) = E(X" ly) - (ESX 14))
:

↳ this is often easier to calculate !



Conditional Variance

 EXERCISE: TRY AT HOME

Let  and  be random variables with joint density  for . What is the
conditional variance of  given ?

Try this on your own.
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var(Y(x =1) = =(42x =x) - E(T1X =2))
>

recall :

felx(y(x) = - Icon (y) for O(XL1
X

& [41X] = E

E[X] = Jydy=
=>



Conditional Variance
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var(Y(x =1) = =(42x =x) - E(T1X =2))
>

= (8) -(E)
= X2 - x2
-T

=43



Conditional Expectation and Variance
Sometimes we are directly given information about the conditional distribution. If this is a “known”
distribution, we can just use the properties of that distribution.

Because the conditional expecation follows , we know:

 and

.

This is much easier than finding the PMF/PDF of Y.

 EXAMPLE

Let 

Let 

What are  and ?
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Conditional Expectation and Variance

Quick knowledge check. Are conditional expectations and variances random variables?

Important
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Yes !



Conditional Expectation and Variance
The properties of expectation and variance that we have seen before also hold for conditional
expectation and variance.

But there are some additional properties as well because  and  are themselves random
variables, and have their own distributions.

Let 

 is a random variable that depends on .

But , so !

Using the Jacobian method, we can show that the PDF of  is given by
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Hierarchical Models
We refer to this general setup as a hierarchical model.

1. We first draw  from some distribution.

2. Then we draw  from a distribution that depends on .

3. We can find the distribution of  as well as those of its expectation.

 EXERCISE: HIERARCHICAL MODEL

Let .

Let .

Find the distribution of  and .
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ZwExp(Q) +Elz
XInnEpl'n] +E(XIA) = Y/(yn) =1

YoGam(aix) eE(y) = <x

-

-

W = E[X/1] = 11 so WwGam(1 ,2) (the same disn as 1]

E(W) = E(1) = 112



Hierarchical Models
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Law of Total Expectation
Using the definition of the joint distribution of  and , we can show that

Using our definition of Expectation, we can find :

That is:

15Stat 302 - Winter 2025/26

E(X)= E[E(X (4)]

↑ ↑ conditional
marginal expectation
expectation



Law of Total Expectation and Variance (Tower Property)

The first equation shows what we just saw, but it is general and holds for any  and .

The second equation is a bit more complicated, but it is also very useful.

It shows that the variance of  can be decomposed into two parts: the expected value of the conditional
variance of  given , and the variance of the conditional expectation of  given .

 THEOREM

Let  and  be two random variables. Then,

and
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[]

[32]



Law of Total Expectation and Variance (Tower Property)

 EXAMPLE

Let  and  be random variables such that , and . Find .
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C

E(X) = ETE(X1U)] E(u) = ot =

= E[342] var(u) =(
= 3E(U2)

recall : var(u) = E(U) -(E(u))
<

+2 = z(u2) - 11127
=> E(U2) = 113 (or do integration ofuniform PDF



Law of Total Expectation and Variance (Tower Property)
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E(X) = ETE(X1U)]
= E[342]
= 3E(U2)

= 3('(z)
= 1



2 Inequalities
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Markov’s Inequality

Note that this implies that for any random variable ,

 THEOREM

Let  be a random variable with . Then, for any ,
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Proof of Markov’s Inequality

 PROOF

Let . We have that  almost surely, and hence  by monotonicity of
expectation. But
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= E(X) 1 P(XIa
a



Chebyshev’s1 Inequality

 THEOREM

Let  be a random variable with finite mean .

Then, for any ,
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Chebyshev’s1 Inequality

 PROOF

We have

23Stat 302 - Winter 2025/26



Comparing Markov and Chebyshev
Let  be a non-negative random variable with mean  and variance .

We want to examine the bounds on  given by Markov’s and Chebyshev’s inequalities.

Markov’s inequality gives

Chebyshev’s inequality gives

So for any random variable with mean  and variance , Chebyshev’s inequality gives a tighter bound
whenever .
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Binomial Bounds

 EXERCISE: BINOMIAL BOUNDS

Suppose you flip a fair coin 100 times. Use Markov’s and Chebyshev’s inequalities to approximate the
probability of seeing 60 or more heads.
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X-Bin(n , 0) -> ECX = nO VarcK = nO(1-0)

X= number of heads - Bin (100
,
0 .5)

Markov : P(X360) <E=05) = 516 = 0 : 83-

Chebyshev : P(X = 60) = P(X-50110) = P(IX-501 = 10)

ar(X)=Es
= 1/4 = 0 .25



Binomial Bounds
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Far Away Stars
Suppose that a radio telescope can measure the distance to a star.

But due to atmospheric conditions, instrumental error, and movements of the earth, each measurement
is a random variable with mean  light years (the true distance) and variance  (square) light years.

An astronomer plans to take  independent measurements of the distance and use their average  as
an estimate for the true distance.

 EXERCISE: FAR AWAY STARS

How many measurements should the astronomer make if they want the probability of a mismeasurement
larger than 1 light year to be no more than 0.01?

Hint: recall that  and .
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(n) P(I-u((1)

Try using Chebysher's with "unknown" n



Far Away Stars
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By Chebysher's : P(IIn-uK1)<In
=> P(lin-ul > 1) I

=> 0 . 01
Thus

,
the astronomer should

= n - take atleast 400 measurements.
001

=> 4001n



Cauchy Schwarz Inequality

 THEOREM

Cauchy Schwarz for random variables

Let  and  be two random variables with finite second moments. Then,

 COROLLARY

Let  and  be two random variables with finite second moments. Then,
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Jensen’s Inequality
Recall that a function  is convex if for any  and , we have

 THEOREM

Let  be a random variable with finite mean and let  be a convex function. Then,
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Questionable Friendships

 EXERCISE: DICE

Your friend offers to play the following game with you.

1. Your friend pays you $49 to roll 2 standard 6-sided dice.

2. If you see  pips, you pay your friend $ .

3. Repeat as many times as you like, and your friend will keep paying you $49 each time.

How many times should you play this game? Justify your answer.
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hint ! Let X be the sum of 2 dice



Questionable Friendships
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Pay to Grace (friend) Grace Pays You

49 - 49

- 121 112 = 121

49 -49

- 16 16

49
- 49

- 81 92= 81

49
-49

- 100 102 = 100 122



Questionable Friendships
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X = sum of two dice

E(X) = 7 g(l=X2 (convex on support)
(E(X)) " = 49

E(x)" = 149 E(X
?) by Jensen's

un un
roll dice payout .

on average, you will lose money by playing this
game. Youshouldn'tplay! Expected payout< cost to

play .



Followup on Jensen’s Inequality

 EXERCISE: VARIANCE OF JENSEN'S

Show that the variance of a random variable is always non-negative.
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Var(X) = E(X2) - E(x)
<

By Jensen's , fix=X2 is conver. Therefore,

E(X2)(ECX))2

as E(X42 EECX)2 EE(X) -EC)' - O
=> Var(x) = 0



Followup on Jensen’s Inequality
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To Do
Work on Assignment 3, due TONIGHT June 10, 11:59pm on Gradescope.

Read  before next class.Chapter 4.2 - 4.3
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