Lecture 15

Marginal Distributions and Independence

Grace Tompkins
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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:
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e Determine whether random variables are independent based on their marginal and joint distributions

e Use the convolution method to calculate probabilities of the sum of independent RVs
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1 Marginal Distributions



Marginal CDFs

& THEOREM

Let X and Y be two RV with joint CDF Fx y.

hm FX,Y(CL, y) =3\

a——00

lim FX,Y(CU, b) =0

b— —o0

lim FX,Y(CL, b) = 1.

a—00, b—00

L DEFINITION

The marginal CDFs of X and Y are defined by

Joind ODF! ey (xiy) = P(XEex, N &

pm e Pxgl X1y
P Fyluiy)

Vy € R.
Vz € R.

Fx(z) = lim Fxy(z,b), Fy(y) = lim Fxy(a,y).
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Marginal PMFs and PDFs

s~ THEOREM

If X and Y are discrete, then the marginal PMFs of X and Y are given by

— Zpr(a:,y), and py(y) — ZPX,Y(xay)'

~ THEOREM

If X and Y are continuous, then the marginal PDFs of X and Y are given by

/ fxy(z,y)dy, and fy(y / fxy(z,y)d

Stat 302 - Winter 2025/26



@ Important

All of this generalizes to more than two random variables.

In this course, we will focus only on cases involving two random variables, since anything beyond that
involves linear algebra (which is not a pre-req for this course)
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Discrete Marginal Distribution

e Consider the experiment of rolling two fair dice. Let X be the lowest of the two rolls, Y be the highest.

« EXAMPLE

Use the joint PMF of X and Y to find the marginal PMFs of X and Y.

PCx=1) = PO nN= 0O POX=1 A=) - -« POx= (\\r/la)
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fxyv(zy)¥©1 ¥2 ¥3 =4 E5 Vs P(x =)
%= 1 1/36 2/36 2/36 2/36 2/36 2/36 Wiz
Y= 2 0 1/36 2/36 2/36 2/36 2/36 4120
X= 3 0 0  1/36 2/36 2/36 2/36/7/3(o
Y= 4 0 0 0  1/36 2/36 2/36/ 5136
%= 5 0 0 0 0  1/36 2/36 3130
X= 6 o o0 0 0 0  1/36 W26

3e 330 SI3e 71, 36 Wigp



Discrete Marginal Distribution

e  X=I
Flx=n) = TMe  x=2

”3(9 Xz b

D o Uwwrwise
SOW\(\'\-\ dnnelL

%?(X) = |
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Discrete Marginal Distribution

N EXERCISE: COFFEE SHOP

A coffee shop records the orders of its customers. Let X denote the number of espresso shots ordered and
Y denote the number of food items ordered, where X € {0,1,2} andY € {0,1,2}. The joint PMF is

given by the following table:

)

PX=2Y=9)|Y=0 Y=1 Y=2 Px=2)  x

X=0 0.10  0.08 C 0.02> 0-20 D

X =1 0.15 020 <0.1¢C o-4¢ |

_ -3y 2

and X =2 0.05 0.15 0.5 Cf iy
J W

e Find P(Y > 1,X <1) (sa last chass) = P(N=2,%=0) +P(N=2;¥=|) =0-02 +O 0

e Find the marginal PMF of X

e CalculateP(X >1) = Plx=1)+ P(X=2)
=0 LS + 0.3%
= 0.80

=0.\2

Q)(\a,\\u\%\' Kool J-r;(/x) )
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Discrete Marginal Distribution
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Continuous Marginal Distributions

« EXAMPLE

flz,y) = {0

Find fy (y) and fx(z).

\ \
o) —Y\.Ltp = J‘F(Xu\ﬁ) ax = 5 (,LWI‘& -
D o
= ,L\s.\l + ZY

Let X and Y be jointly continuous, with joint density function

dx’y+2y° 0<z<l0<y<l

otherwise

205 Yoy = W% x 24k
SLAE A
for  62¢c

=(dyr24° )7

[EOHJ (ﬂ')
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Continuous Marginal Distributions

) _ j(%y 4 +24%) T, A0 oy

9=
q/& ¥ >Icom(>f)

\ —
:QZ%’L A '/3 ) 1 Co,1 Cx>
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Continuous Marginal Distributions

N\ EXERCISE: JOINT UNIFORM DISTRIBUTION

Let X and Y be continuous random variables with PDF

fxy(z,y) = Ijo1(x)Lo1(y) = Loap2(z,y)-

. L
a.Find F(z,y) = [ [} fxy(s,t)dtdsfor0 < z,y <1; s D = X (,(
o< ka»,l
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o o o o o ‘p ! l. G
Continuous Marginal Distributions <ials &)

o) P(xex NEg) = ij%(\) ok ds
o 0

Whot Wis maans |

_ ) or 0&xtél
B J\ ‘6’ s oé‘ﬁél
> S=X
= gl =% RIxem yey) = A

b) Had %((’X) = \B\ICOyD(X)KCOu\’_) L&p d«&

\ ¢!
- §U)% ICO»Q(X) — % !’:o ICOH] (X> = ICOHD (X)
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2 Independence



Independent Random Variables

‘ 0)
THEOREM ”X(\W\:P(}(\P(\D
X and Y areindependent if and only if for any sets A and B we have

P(Xe A, YeB)=P(X e A)P(Y € B).

This is the definition of independence. It says that the joint distribution factors into the product of the
marginals.

But this has immediate consequences for the joint CDF, PMF, and PDF.
Choosing A = (—o0, x| and B = (—o0, y|, we have that, if X and Y are independent, then

Fyy(z,y) =P(X <z,Y <y) =P(X < 2)P(Y <y) = Fx(z)Fy(y)-

The converse is also true: if Fix y(z,y) = F'x(x)Fy(y) forall z, y, then X and Y are independent.
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Independent Random Variables, Using PMFs

\. THEOREM <‘—-‘>

If X and Y are discrete random variables, then X and Y are independent if and only if

pxy(z,y) = px(z)py(y),

forallz,y € R.
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Independent Random Variables, Using PDFs
5. THEOREM @

If X and Y are jointly continuous random variables, then X and Y are independent if and only if their joint
density can be chosen such that

fxy(z,y) = fx(z)fr(y),
forallz,y € R.

e Regardless of continuous or discrete, when you hear “independent”, think “joint factors into the product
of the marginals”.
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Independence

N EXERCISE: EVALUATING INDEPENDENCE USING MARGINAL DISTRIBUTIONS
Let X and Y have joint pdf

Sy if0<ax<y<l1
fX,Y(CU,y) = {O eTSE—é—-—*

Find the marginal PDFs of X and Y. Are X and Y independent?

| 4=
'?)((’ﬂ: Rx = Qy - \ = Hx (\’XZ> XCO; CX)
’Xj \a’ Ol"a' ‘% a.'/'x D

¢ X=
hop= Jagan = 85 L7 = 4P Tenlp

)

_ $ep
As JP(X)CLU): Uy (-4 th T_Covguﬁ&@z,m%;%# {:(xw. e Me,m‘ifT .



Maximum/Minimum of Independent Random Variables

. EXAMPLE

Let X and Y be independent random variables with CDFs F'x and Fy-.
Let W = max{X,Y}.

Find the CDF of W'

Ful)z P(W 2 w) = PLmaxixing £ w)
= P( X4 w ) N 4« uu)
=y (wiw)
= E(“D::%LW)
L'; P(X&w) P(%w)>

Y
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Maximum/Minimum of Independent Random Variables
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Sums of Independent Random Variables

To find the distribution of a sum of independent random variables, we could use the distribution method
or the Jacobian method.

For this specific case where RVs are independent, there’s also a third method called convolution.

s THEOREM X+\N=W = X=WU-7
Let X and Y beindependent random variables. = W—W

If X and Y are both discrete random variables, then the PMFof U = X + Y is given by
Y= W W 4,

pru— pY Zpyu— w)px(w).

If X and Y are both continuous random variables, then thePD/FofM— X + Y is given by
fU(u) .

_ / () fyw)du § / fr(u—w)fx(w)dw

WS 0SS0 A\ Wi Y.
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Unklo o) = ;{—%1 o] (X)

| O

Sums of Independent Random Variables

. EXAMPLE
Let X and Y be independent Unif(0, 1) random variables. Let S = X + Y. Find the distribution of S.

XY Ui §lon) > XeCou) S=X4+Y
N Waikton) 3 N Coutd N= S-¥%

S=X+1Y" s Lo:.27])

¥s(s) = S £lx) 4 (5% d¥

S
= § Tpoual) Tpoyq (80 ¥

W 0£xe| MID 045X 4 |

OV\\/\& nwon—-zenN o W
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Sums of Independent Random Variables

04x2l MID 0254 | (ipturgedhiow)
OEXE\ AND S-| X& s

/wae \. 0£4%4\

—

I —

Yorsecnion o6 o

S—4xES

’\ OVW\m\a 1S
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Sums of Independent Random Variables

5
HOE {4dx= s D&s 2|
v

J
Y hdy = 2-5 1£522
[ Sl

> oW
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Upcoming Assessments:

e Checkpoint5

2/40 =21 (mamge o

L Vars + doonx dist n \
tnat; iti istributions) is on Friday Nov 6th

e Midterm 2 (Sections 2.4 - 3.3) is on Friday November 20th
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