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Learning Outcomes
By the end of this lecture, students are anticipated to be able to:

Define convergence in probability

Determine when a sequence converges in probability

Define and apply the Weak Law of Large Numbers
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t
7 convergence "almost

surely
"



1 Convergence in Probability
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Convergence (Calculus)
In calculus, you looked at the limit of a sequence of numbers, , as  goes to infinity.

In probability, we look at the limit of a sequence of random variables, , as  goes to infinity.

This turns out to be more complicated, because there are different modes of convergence.

We will discuss 3 types of convergence.

 EXAMPLE
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Convergence in Probability

We can think of  as a sequence of numbers that goes to one as  goes to
infinity.

This is the most similar to limits of sequences of numbers.

Can also be written as .

Common notation: .

 DEFINITION

A sequence of random variables  converges in probability to a random variable  if
for all ,
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(complement)

↳ "On converges in probability to X1l



Convergence in Probability

 EXAMPLE

Suppose  and . Show that the sequence  converges in
probability to .
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n= 1
, 2, .....

let t > 0

( xn--)l = 11-h - 1) = 1- )=

P (In-Y( < E) = P(t(t)
No matter how small t is , for any EJO ,

we can always find

↑msuchthatSewin hold)Ex :



Convergence in Probability

7Stat 302 - Winter 2025/26

Therefore, P((Xn-y1 < E)
=P("In (E) = 1 Since EETO , In where this

holds ,

Thus ,

timp(IXn-y1 (t) =1 Exo
nTA

·: Xn Egy



Convergence in Probability

 EXAMPLE

Let  and define

where  are independent Bernoulli random variables, also independent of .

Show .
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= Bn= Xn - U

P(IXn-VISE) E > 0 t = 1 .5

=P(lBn1It) us#(IBn 11 ( .5) = 0En
↳ When is IBnl >t where ESO ? Bn = 20 , 13

EP(Bn= 1) = Since Bnn Bern(in)



Convergence in Probability
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Zim P(iXn-ul=e) [im() = 0ne

zimp((Xn-ul[t) =0: Unfu
ntx



Convergence in Probability

 EXERCISE: MAXIMUM OF IID UNIFORMS

Let  be i.i.d.  random variables. Define .

Show that .

Hint:  if and only if .
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&

-

P(lun-11 = e) = P(1Yn-1/ > E) since continuous

=PlE)
= P(U , < -E , U2 < 1-E, . . . ., Un (l-t)

N
=

IP(ui < 1-t) It
↓

= (l-E)h because PlUi(l-t)=X = (1 -t)



Convergence in Probability
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Zim p(Mn-11)E) = Zim (1-ejh
nga n-x

= O

as (1 -E) - (0 11)

a In Be I



Weak Law of Large Numbers (WLLN)

The distribution of  gets more and more concentrated around  as  increases.

 THEOREM

Let  be independent and identically distributed (i.i.d) random variables with finite
mean . Then,

Interpretation
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M=E(X)



What % of the earth is covered by water?
Land Water

M
- 11l #N III

4 0 .5

6 0 .667
II

0 .54
:

20 0 -65 M

70%

-10 %uL
ntj- -



Weak Law of Large Numbers (WLLN)

 EXERCISE: DICE

Let  be the sum of the squares of  independent rolls of a fair six-sided die.

That is

where  is the result of the -th die roll.

Show that  for some  (find  explicitly).
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-

7=n= -this is an average of

IID RVS.



Weak Law of Large Numbers (WLLN)
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= (Ymi) = E(Xni2) = -(12 + 22 + 32 + 42 +52762)
=

a

n
by WLLN

&ineExni) = al
Aside : by WLLN,

T = 3 .5

Att



Proof of WLLN (with an extra condition)

 PROOF

Assume that  (same for all ). This is not required for the WLLN, but it makes the

proof easier.

Then, by Chebyshev’s inequality, for all ,
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2 Convergence Almost Surely (with
Probability One)
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converge A .S.
v

converge w .p



Convergence Almost Surely (with Probability One)

This is a stronger notion of convergence than convergence in probability.

This is equivalent to saying that .

Writing this statement more explicitly, we are really demanding that

Common notation: .

 DEFINITION

A sequence of random variables  converges almost surely (or w.p. 1) to a random
variable  if for all ,
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Convergence Almost Surely (with Probability One)

 EXAMPLE

Let  and

Does ?
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-

-

u= 23



Convergence Almost Surely (with Probability One)
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Consider 3 cases

① U < /3
, Xn= 8 , Yn = 8

② U(23 Y = 3 , and for large enough n , Us will
also hold . Thus , Xn=3

, too.

③ u= 2/3 , y = 3
.

V=3 when US-m

213123- /In-E 02-'n which is impossible for n?
!

· X= G -



Convergence Almost Surely (with Probability One)
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But because U-Unif(0 . 1) which is continuous,
P(U =2/3) =0 . So this case doesnot matter !

a .S

· Xn -> Y



Convergence Almost Surely (with Probability One)

 EXAMPLE

Let  and . Prove that .
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↳ o = y = 1

0
0 zy < 1 : zimy" = O

n-

② y : 1 :timy"= TimI

↳ P(Y=1) = O , so this case doesn't matter

acS .

Xn+ O



Convergence Almost Surely (with Probability One)
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Convergence Almost Surely (with Probability One)

 EXAMPLE

Let . Define the sequence  by partitioning  into successive
blocks:

In general, row  contains  blocks each of length , tiling  completely. The blocks are indexed
 by reading left to right across rows. Set

Show that  but  almost surely.
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Convergence Almost Surely (with Probability One)
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⑨

I a Co , 1)
m = 1 Bi

m= 2 B2 B3

M=3 Bu 1 B5 Be

m=1 I I

m=- IIIIIIIIII Ion



Convergence Almost Surely (with Probability One)
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a) XnE> 0 Xn= [(we Bn)

The nth block Br is in the with now where me &

as -D .

As the number of blocks per now grows , P(Xn=1) =PlutBu)
shrinks ,

P((Xn-01 zt) = P(Xn= 1) = m

himP((Xn-ol2E) = tim # = 0
.. Xn30&

ned meD

N

asIeP When new



Convergence Almost Surely (with Probability One)
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b) Xn& 0 ?

For any we [0 , 1] , for every row m there are im
blocks and one of them must contain W.

↳ X (w) = 1 for one index n in every now m.N

Consider : W= 0 .7

Row m1 : X , (w)= when mex (asned)
,
there

m2 : Xz(w) = 1 are infinitely many rows , and
m3 : Xc (w)= infinitely many X(w) = 1 . This

· Sequence of XnCross will never
converge to O .

d .S .

Xn 0



Convergence Almost Surely (with Probability One)
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To Do
Work on Assignment 5, due Wednesday June 17, 11:59pm on Gradescope.

Read  before next class.Chapter 4.4
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