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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Define convergence in probability

.\_
L)
e Determine when a sequence converges in probability / COY\VW\‘L Al mos
Swvel, v

)

e Define and apply the Weak Law of Large Numbers
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1 Convergence in Probability



Convergence (Calculus)

e In calculus, you looked at the limit of a sequence of numbers, a,,, as n goes to infinity.

« EXAMPLE
e lim, ,,, 1/n = 0;
o lim,, ,oo(1+1/n)" = e;

e lim, .o (1 4+ a/n)" = e®for all a € R;

e lim, ,oo(1l + an/n)" = e*if a, — a.

 In probability, we look at the limit of a sequence of random variables, X,,, as n goes to infinity.

e This turns out to be more complicated, because there are different modes of convergence.

We will discuss 3 types of convergence.
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Convergence in Probability

L DEFINITION
A sequence of random variables X1, X9, ..., X,,, ... convergesin probability to a random variable X if
foralle > O,

lim P(| X, — X| <€) =1.

nN—00

e We can think of a,, = P(|X,, — X| < €) as a sequence of numbers that goes to one as n goes to
infinity.

e Thisis the most similar to limits of sequences of numbers.

e Can also be written as P(|X,, — X| > ¢) — 0. Ccomplement)

p
e Common notation: X,, — X.

by e convergey m\om\o\\w?r = X

Stat 302 - Winter 2025/26



Convergence in Probability n=\1 . -

« EXAMPLE

Suppose P(X,, =1 —1/n) = land P(Y = 1) = 1. Show that the sequence { X, } convergesin
probabilityto Y.

lek € > O

\ Xn- B =

iy
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Convergence in Probability
Tnavelove P(\ Xn-M\| € 6)

=P Yn LEY = | dine. NE20, F n W Mg
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Convergence in Probability

. EXAMPLE
Let U ~ Unif(0, 1) and define

X,=U+B, = Ba=Xn-WU
where B, ~ Bern(1/n) are independent Bernoulli random variables, also independent of U.

Show X, g U.

P(1Xn-U\26) € >0
=0(1Bal 26 )
S Wam s 1Bpl 06 whare €>07 Bn= 30“75

£ P(%V\:\w = -‘\7\ sinte. B~ Bun('in)
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Convergence in Probability

Lm P(1xn-ul Z€) & Tim (i» =0
-y e nop W

vV (\Xa-U | Z2€) =0 oo X«\iv U

n-—> o>
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Convergence in Probability

N\ EXERCISE: MAXIMUM OF 11D UNIFORMS
Let Uy, Us, . . . bei.i.d. Unif(0, 1) random variables. Define Y,, = max{Uy,...,U,}.

Show that Y, 1.
Hint: |Y,, — 1| > eifandonlyifY,, <1 —e.

P(\\\V\‘\\EE):?( \W\—\\>6> SINL oW AOS

’?(%mé )
:P(u‘é\lé W\ &\ -6 ... Un L 1-€)
"T’P(\uu € <

(( )" becasse  fWLN-€)= J“'O)‘*x H-€)
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Convergence in Probability

h P‘%"l)@ e -\
b P LNn=11>€) = (1)

= O
o (U-€) e (o)
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Weak Law of Large Numbers (WLLN)

. THEOREM

Let X1, X9,..., X, ...beindependent and identically distributed (i.i.d) random variables with finite
mean u. Then,

M=C (%) :
— 1 Z p

Xn: - Xzi .

L o

Q Interpretation

The distribution of X, gets more and more concentrated around p as n increases.
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Weak Law of Large Numbers (WLLN)

N\ EXERCISE: DICE
Let X,, be the sum of the squares of n independent rolls of a fair six-sided die.

Thatis

X, ZXM,

where X, ; is the result of the ¢-th die roll.

Show thatn X, i m for some m (find m explicitly).

————e——
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Weak Law of Large Numbers (WLLN)
E(Mni) = ECYa™) = < (P23 442 45t %)

=
b

by WLLN
N , P _

"\WIZZ‘IYLIV\ —> EMXon ) = g’\

s
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Proof of WLLN (with an extra condition)

7 PROOF

e Assume that Var(X;) = 02 < oo (same for all ¢). This is not required for the WLLN, but it makes the

proof easier.

Then, by Chebyshev’s inequality, for all e > 0,

P(‘)_(n—u‘ZG)< - . 0.
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2 Convergence Almost Surely (with
Probability One)

W A » O\
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Convergence Almost Surely (with Probability One)

L DEFINITION

A sequence of random variables X1, X9, ..., X,,, ... converges almost surely (or w.p. 1) to arandom
variable X if foralle > 0,

P(lim X, — X <e) — 1.

nN—00

e Thisis a stronger notion of convergence than convergence in probability.
e Thisis equivalent to saying that P(lim,, .., X, = X) = 1.
o Writing this statement more explicitly, we are really demanding that

P ({w . lim X, (w) = X(w)}) — 1.

n—oo

a.s.
e Common notation: X,, — X.
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Convergence Almost Surely (with Probability One)

. EXAMPLE
Let U ~ Unif(0, 1) and

X, = | 9@
{8 otherwise

2
Y:{3 U< %

8 otherwise

a.s.
Does X,, — Y?

W= 4/3
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Convergence Almost Surely (with Probability One)
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Convergence Almost Surely (with Probability One)
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Convergence Almost Surely (with Probability One)

+ EXAMPLE

LetY ~ Unif(0,1) and X,, = Y ™. Prove that X, =0.

L') o.‘.gﬁ:\
(903%4\ C LmY = O
nN->w
. i " _ n
@ B:\ ‘ ’Um\tzﬂ/{w\u):'
NS0 Ny

Ly P(N=1) = O , go s cave dpeyn Tt

Xn—== O

Stat 302 - Winter 2025/26



Convergence Almost Surely (with Probability One)
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Convergence Almost Surely (with Probability One)

+ EXAMPLE

Let U ~ Uniform(0, 1). Define the sequence X7, X5, X3, ... by partitioning [0, 1] into successive
blocks:

By =[0,1; By=1[0,5]; Bs=[3,1; Ba=[0,5]; Bs=|3,3];

In general, row m contains m blocks each of length 1 /m, tiling |0, 1| completely. The blocks are indexed
n=1,2,3,...byreading left to right across rows. Set

Xn(w) = 1lw € By).

P
Show that X,, — 0 but X,, -» 0 almost surely.
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Convergence Almost Surely (
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with Probability One)
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Convergence Almost Surely (with Probability One)
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Convergence Almost Surely (with Probability One)
b) Xn=> 0 ¢
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Convergence Almost Surely (with Probability One)
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To Do

e Work on Assignment‘&ldue Wednesday June 17, 11:59pm on Gradescope.
e Read Chapter 4.4 before next class.
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