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Learning Outcomes

By the end of this lecture, students are anticipated to be able to:

e Calculate expected values from continuous and discrete random variables/distributions

e Apply properties to functions of expected values
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1 Expected Values



Expected Value of Random Variables

L DEFINITION

The expected value of a random variable g(X) is defined by

[ S: 9($)px(w) if X is discrete

/ g(z)fx(x)dr if X is absolutely continuous
\J —00

provided that the sum or integral exists.

e The sum in the discrete case is over all  such thath(a:) > (0 (countable).
e The sum/integral exists when [E||g(X)|] < oco. Otherwise, we say that [£[g( X )| does not exist.

e Note that you do not need to know the distribution/PMF/PDF/CDF of g( X) to compute E[g(X)], only
the distribution of X itself.
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Expected Value of a Random Variable

« EXAMPLE

Let X be the value of the face of a die when rolled. What is the expected value of X?

Plx=0)=P(x=2)= ___ P(X=6)= Y
b
E (%) = Zxeplxd)
- WY () +3(16) + UL') + (L) + elMe)
= 3.5

S WS My Somsc Tr\er.‘Hve,uq; 0y 3.5 s \m\(lww& betwem | oond b
amd Wwe Nawe  equal  probabivivies P taun  ewnt
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Expected Value of a Random Variable Bin. Pt\gwt: (%) 9”‘(1»9)"""1’[0,,\3(«)
Bix) =
. EXAMPLE
Let X ~ Binom(n, #). What is [E| X]?
Hint: we can use kernel matching and use the fact that x (Z) =n (Zj)
n RN LT AP "2 s Itk A=
E(}()ZZ'X'?XVX) = V\_XZ_/‘\ (‘X’\)B (1 ﬁ) o 5 &?;
X=D N o _ n% (n«\) H\M(l’ﬁi" W
> 5 (,’)‘( g (1-9) ECRR
I e :n2 (") AR )
=0t Z/X(v’)\()g U/H) = )
- x:n\—\ x " = nO i “:l‘) o’ (1-0) ,
- Za() U wyhe 20N T




Expected Value of a Random Variable
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Expected Value of a Random Variable

N\ EXERCISE: GAMMA EXPECTATION
Recall that the PDF of aRVY ~ Gam(0, ) is given by

)\a

fx(x) = :L'O‘_le_)‘xf(g,oo) ().

()

SupposeX ~ Gamma(a, A). Whatis E| X]|?

E(X) = Jx%('x) 19
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Expected Value of a Random Variable
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Expected Value of a Random Variable

N\ EXERCISE: MORE GAMMA EXPECTATIONS

Let X ~ Gam(a, A\) wherea > 0and A > 0.
Lett < A.Find Elexp(tX)].

j kx )\ )"X oy
) f‘(O\

a-t =(\-)x

e d X
Noﬂ x

Stat 302 - Winter 2025/26




Expected Value of a Random Variable
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Important Properties

(Where the expected value exists.)

Linearity
foranya, b, c € R, any functions g and h, and any random variables X and Y. y
€ (X)=
Elag(X) + bh(Y) 4 c] = aE[g(X)] + bE[A(Y)] + ¢ E(ax+2) = 2(4) +2
Boundedness

Ifa < g(x) < bforallx inthe support of X, thena < E|g(X)] < b.

Monotonicity
If g(x) < h(x) forall z in the support of X, then E|g(X)] < E|h(X)].

Independence
If X and Y are independent, then

Elg(X)(Y)] = Elg(X)|E[R(Y)]. Jow Cannot Verify \ndaponduncs-
— ! vorlve st
NOTE: the converse is false. Stat 302 - Winter 2025/26
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g

Expected Value of A Function of Two Random Variables

N\ EXERCISE: EXPECATION OF TWO RV
Let X ~ U(0,0) andY ~ Exp(1) be independent.
FindE [ (X +Y)?].

E[%(xwﬂz] = %E[(X*ﬂ‘]

= JE| xPeixy k- |

- ,‘ZE(XZ) . ECX\{) ,\,AZE(\lz) bj trmﬁha,

= LE0) + EOOE() +35EN?) sine XM indepemduny
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ExpectedQValue of A Functlon of Two Random Variables

X=@ 2
CEO) = | XEL ax = sz'oW:L_fl - 18° - &
©-0 93)(:0 O 3 S
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o 2-
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Scalar-valued Functions of Multiple Random Variables

\. THEOREM
Let g : R? — R be a function.

If X and Y are both discrete random variables, then

E[g(X,Y)] =) Y g(z,y)pxy(z,y)-

J0 Yte
At sdrib uhions

If X and Y are jointly absolutely continuous random variables, then

E[Q(Xa Y)] — /_OO /_OO g(w,y)fX,y(w,y)dmdy.
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Product of Expectations

& THEOREM

 If X and Y areindependent, then E[g(X)h(Y)] = E|g(X)]E[h(Y)].

2 PROOF

Suppose that X and Y are jointly absolutely continuous random variables with joint PDF fX,y(w, y). Note
that E|g(X)h(Y')] is a scalar-valued function of X and Y.

ELa0)hIN ] = j_f&m W) Pelxy) doly
- fj afb()h(a) “:x(ﬂ%(:’) d:Xo\fa sime XM Tndep.

z_;‘j 9 00ECx) o \( 193,) Hv) ol,\a,
= Elgl0) - E(n(y))
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Expectations from a Joint Distribution

N\ EXERCISE: EXPECTATION OF A CONTINUOUS JOINT DISTRIBUTION
Let X and Y have joint PDF

% 2. Calculate E[X]. = PAIS
b. Calculate E[Y].

c. Calculate E| XY].

ECxY) = J‘ﬂ% ij oly 55 )(23 o\xoba

c)
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Expectatlons from a Joint Distribution

E(XY) = JJX\:) ij olyaua, s 85&2231 dxd»a




Expectatlons from a Joint Distribution
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Expectations from a Joint Distribution

N\ EXERCISE: EXPECTATION OF A DISCRETE JOINT DISTRIBUTION

Consider the following joint distribution:

P(X,Y) 1 2 3

0 0.10 0.05 0.05
1 0.10 0.20 0.10
2 0.05 0.10 0.25

Find E| XY.

E(XV) = g% XB de('X\a\

= (0)(\)(040) + (0)(2)(0-05) + CO)La)m,W)
FOR(010) & (N(2)(020) + (1) () (d:10)

F(2)0) (0-05) + (D (2) (oY F 22 (3)00-25) =

Oy 0-% + 2

[2-8)




This is the end of the Midterm 2 content

e Midterm 2 isin class on Friday November 20 (testing sections 2.4 (continuous RV/distributions) to 3.2
(today’s class))

e Start prepping your cheat sheet
= MUST BE HAND WRITTEN! No photo copies, typed, or tablet-written and printed sheets allowed
= 8.5inches x 11 inches or less
= You can have one (1) single page, and can write on both sides

e Calculators will be inspected

= Must be non-programmable, non-graphing, non-wifi-ing.
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