STAT 460/560: Statistical Inference 1 Winter Term 1 (Fall) 2026

Assignment 5
Due date: Oct. 19, 11 p.m. Instructor: Daniel McDonald and Benjamin Bloem-Reddy

Instructions

Academic integrity policy: 1 encourage you to discuss verbally with other students about the assignment.
However, you must write your answers by yourself. If you discuss the assignment with anyone (a classmate
or anyone else), you must say so at the top of your solutions. Use of Al tools to produce full or partial
answers to these questions or to related questions is strictly prohibited. This includes tools like Co-pilot,
auto-complete, etc. Also, refrain from looking at answer keys from other schools, previous years, or the Math
Stack Exchange. For more information, see: the syllabus or contact the instructor.

1. Solutions may be handwritten or typeset with XTEX (see the course website for a template). It must
be legible. Difficult-to-read solutions will be marked down or ignored.

2. Justify your answers formally. (Err on the side of too much detail so that the teaching team knows
exactly what you’re doing and why.)

3. Submit your work by 11:59 pm (Vancouver time) on the due date to Canvas (.pdf).

4. For questions that require computer simulations, you may use any language from the list of (R, Julia,
Python), with level of support provided by the teaching team decreasing further in the list. Please
include in your PDF submission the relevant plots generated by your simulation code, and append
your code (in PDF) to your submission. Please retain the code you used, as you may be asked for it
if required.

Questions

1. Wasserman (2004) 9.6.
Solution:
Since X; ~ N(6,1), we have

P=PY =1)=P(X>0)=P(X —0>—0) =1—&(—0) = D(0),

where @ is the standard normal CDF. The parameter is 6, and ¢ = g(6) = ®(0) is a one-to-one function
of 6.

(a) The log-likelihood for 6 is



(b)

The Fisher information for one observation is I(f) = 1, because we know that the second derivative

of the log-likelihood with respect to 8 is —1. Therefore, se(d) = 1/4/n. Since ¢'(8) = #(0), the
standard normal density, the delta method gives

$(Xn)

se() = 19'(9)] se(9) =

)

B

and .
Vi (W =) ~ N (0, ¢(0)?).
An approximate 95% confidence interval is therefore
$(Xn) P(Xn)
vn N
The Y; = I(X; > 0) are iid Bernoulli(y) with E[Y;] = ¢. By the weak law of large numbers,

) +1.96 =o(X,)+£1.96

Y=Y, — E[Yi] =1,

so v is consistent for 1.
From (b), the asymptotic standard deviation of v is ¢(6)//n. For ¢, the standard deviation is

i) = [T _ | [FOT5@)

n

The asymptotic relative efficiency of 1L to 1[) is the ratio of asymptotic variances (MLE over
competitor):

~ .~ AsyVar 6)?

ARE(D,§) = AVard) _ o0
AsyVar()  2(0) (1 - 2(6))

This is at most 1, as it must be since the MLE is asymptotically efficient. For example, at § = 0

we have ¢(0)? = 1/(27) and ®(0)(1 — ®(0)) = 1/4, so

2
ARE = — =~ 0.637.
m

The ARE decreases toward 0 as |#| — oo, because the Gaussian density in the numerator decays
much faster than ®(1 — @) in the denominator.
Suppose the X; are iid from some distribution F' that is not N(6, 1), with E|X;| < oo and mean
p = E[X;]. By the law of large numbers, X, — u. Since ® is continuous, the continuous
mapping theorem gives

b= 0(Xn) = ().

The true value of the parameter is ) = P(X > 0) = 1 — F(0). Hence ¢ is consistent only if
D) = 1 F(0),

which fails in general. For instance, if X ~ N(0,0?) with o # 1, then ¢ = 1/2, so this particular
example is consistent; but if X is, say, exponential shifted to have mean 0, i.e. X = FE — 1 with
E ~ Exp(1), then 1 =0, ®(u) =1/2, and

Y =P(E>1)=e'~0.368 # 0.5,

SO 1[) is not consistent.
In general, ¢) converges in probability to ®(E[X;]), which is the value of ¢ under the best-fitting
normal model (the KL-projection of F' onto {N(¢,1)} has 6* = E[X;]), but this differs from the

true ¢ = P(X; > 0) unless F' happens to satisfy ®(u) = 1 — F(0). By contrast, ¢ =Y, —
P(X; > 0) regardless of the distribution, so it is consistent under any F'.



2. Wasserman (2004) 9.7 (skip d).

Solution:
(a) The log-likelihood is
L(p1,p2) = X1 logpr + (n1 — X1)log(1 — p1) + Xalog pa + (n2 — X2)log(1 — p2) + const.

It separates in p; and pg, so each parameter can be maximized separately. Setting 0¢/0p; =
Xj/pj — (nj — X;)/(1 —p;) = 0 gives

~ Xl N X2
pP1=— D2 = .
ni n2
By equivariance of the MLE,
s X Xy
Y=p1—Pa=—— —.
ny N9

(b) The second derivatives of the log-likelihood are

62£ . & ny — X1 82€ & Nng — X2

o} pr (1-p)¥ 93 p3 (1-po)?

and the cross derivative is 92¢/9p,0p, = 0. Taking expectations with E[X;] = n;p;,

Y S I S
;| v l-p; pi(l-pj)
Hence
(1ﬂ1 | 0 p1(1—p1) 0
pitl—=p - n

Ln(py,p2) = | ! Ny . LN (pnpe) = ! (1= pa)
0 — 0 P2\t — p2)

p2(1 — p2) N

(c) The gradient of g(p1,p2) = p1 — p2 is
_(0g/0p1\ _ [ 1
Vo= <3g/3pz> - (—1> '

e($)? = (Vo) I (pr.pa) (V) = DAL= 21 pall = o)

The delta method gives

ny no
Therefore
« 1-— 1-—
se(t)) = \/pl( P1) + P2 pz),
ni1 no

and the estimated standard error, obtained by plugging in the MLEs, is

S@(qﬁ):\/ﬁlu—ﬁluﬁz(l—m).

ni n2

This agrees with the direct computation Var(p, — ps) = Var(p) + Var(pz), which holds exactly
by independence. An approximate 95% confidence interval for 1 is then ¢ 4+ 1.96 se(v)).



3. Let py the density on R? that is uniform on the disk of radius @ centered at the origin. Let X1, ...

» Xn

be i.i.d. from py. Write down the likelihood function for #. Find a minimal sufficient statistic for 6.

Show that X is not sufficient for 6.
Solution:
The density of X; is given by
1
po(a) = — o] < 0}
The likelihood function is

n 1 n n 1 n
Lsonvn) = [Imte) = (g ) TR0 < 0) = (g5 ) 1 {maxlanl <0}
i=1 i=1

The likelihood is non-zero if and only if § > max; ||x;||. Therefore, the likelihood function can be

rewritten as

1 n
LO;xy,...,x,) = <7n02> {0 > m?Xsz‘H}-

The minimal sufficient statistic is T'(X7, ..., X, ) = max; || X;||. To show that X; is not sufficient, we
can use the factorization theorem. The likelihood function cannot be factored into a product of a
function of X; and a function of 6 alone, since the likelihood depends on all X; through the maximum.

Therefore, X; is not sufficient for 6.

4. Let X ~ Gamma(q, 8). Show that this is an exponential family by expressing the density in the form
po(z) = h(z)exp(n(0) T T(x)— A(H)) for appropriate functions h, 1, T, and A. Find a minimal sufficient

statistic for 6. Finally, use Wasserman (2004, Theorem 9.47) to find the mean and variance of X.

Solution:

The density of X is given by

) = g

a—le=2/B{z > 0}

=z > O}éexp (;(Q?) + alogz + alog(1/8) — 1ogF(a)) .

So this is in (natural) exponential family form with
o h(z) =TIz > 0}L,
o 1(0) = (o, 5) = (n1,712),
e T(x) = (logz, —x),
o A(n) = logI'(1) — m1 logna.

Therefore, the Gamma distribution is indeed an exponential family.

By the factorization theorem, a minimal sufficient statistic for 6 is given by T'(X) = (log X, X).

Finally, using Wasserman (2004, Theorem 9.47), we can find the mean and variance of X.

E[X] = -E[t2(X)] = —%A(n) = —%(logf(m) —mlogne) =m/n2 = ap,

0? o

Var(X) = Var(=X) = Var(tz(X)) = 57 A(n) = 55 (logT(m) —m log) = m/ng = aB?.

5. Wasserman (2004) 11.6.

Solution:



(a) We have that the posterior is proportional to the likelihood times the prior, i.e.

p(A] X1,...,Xp) x H Mig™h . \amle=A/8
i=1
— \iz1 Xita—l —(n+1/8)A

— \nX+a—1,—(n+1/B)X

This is the kernel of a Gamma distribution with shape parameter nX + « and rate parameter
n+ 1/8. The posterior mean is then

nX + a
EX| Xy,.... Xy = ———.
[ ‘ 1, ) n] n -+ 1/ﬂ
(b) The Jeffreys’ prior is given by m(A\) o< y/I(A), where I(A) is the Fisher information. The log-
density is
log pa(z) = zlog A — X — log(a!),

with second derivative

32

A2 logpa(z) =

-
A2
The Fisher information is then

10 =& | 5 logna(X)| =&

T(A) o \/E =712

The posterior is then proportional to

Therefore, the Jeffreys’ prior is

PO X1, X)) o [[ AN e A2
i=1
— \Z Xi—1/2,-nA

_ )\nyfl/2efn)\

This is the kernel of a Gamma distribution with shape parameter nX 4 1/2 and rate parameter
n. The posterior mean is then

nX +1/2

ED| Xy, X = =
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